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Summary

We demonstrate the use of our R package, gammSlice, for Bayesian fitting and inference in
generalised additive mixed model analysis. This class of models includes generalised linear
mixed models and generalised additive models as special cases. Accurate Bayesian inference
is achievable via sufficiently large Markov chain Monte Carlo (MCMC) samples. Slice
sampling is a key component of the MCMC scheme. Comparisons with existing generalised
additive mixed model software shows that gammSlice offers improved inferential accuracy,
albeit at the cost of longer computational time.
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1. Introduction

We demonstrate use of our R package named gammSlice (Pham & Wand 2018) for
generalised additive mixed model (GAMM) analysis within the R computing environment (R
Development Core Team 2018). Generalised linear mixed models (GLMM) and generalised
additive models (GAM) are handled as a special cases of GAMM. In these contexts, the
term mixed refers to the fact that the model has both fixed effects and random effects. As
the name suggests, slice sampling (e.g. Neal 2003), a special type of Markov chain Monte
Carlo (MCMC) sampling, is used for fitting and inference within a Bayesian framework.
The attraction of MCMC for GAMM analysis is the ‘exactness’ of the inference. By this,
we mean that numerical summaries of actual posterior density functions of parameters of
interest, such as equal-tailed 95% credible sets, can be made arbitrarily accurate by drawing
sufficiently large MCMC samples. More established R packages for GAMM analysis, such
as Wood (2017), use the Laplace approximation-based penalised quasi-likelihood (PQL).
However, PQL is susceptible to inaccuracies, as demonstrated by Breslow & Lin (1995) and
in Section 4 of this article. The more accurate Laplace approximation used in Bates et al.
(2015) for GLMM has not yet been extended to the GAMM case.

GAMM extends GLMM by allowing continuous predictors to have a nonparametric
functional impact on the mean response. Suppose that, in a longitudinal data set, yij is the jth
measurement on the ith subject of a binary response variable y for each of 1� j �ni, 1� i�m.
Let x1ij and x2ij be defined similarly for continuous predictors x1 and x2. A GLMM for this
model is
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280 GENERALISED ADDITIVE MIXED MODELS

yij|Ui
ind∼ Bernoulli(logit−1(Ui+�1x1ij+�2x2ij)), Ui

ind∼N(0, �2) (1)

where Ui is a random subject intercept. The notation in (1) is: xi
ind∼Di means that the xi s are

independent with distributions Di, x∼ Bernoulli(p) means that x has a Bernoulli distribution
with mean p and logit−1(x)= ex=(1+ ex). A GAMM for the same data is

yij|Ui
ind∼ Bernoulli(logit−1(Ui+ f1(x1ij)+ f2(x2ij))), Ui

ind∼N(0, �2)

where f1 and f2 are functions that are assumed to be smooth but otherwise arbitrary. The types
of application for which such models are useful include those in the biomedical realm based
on longitudinally followed subjects (e.g. Fitzmaurice et al. 2008), educational research in
which there is multilevel structure due to, for example, students being in the same classroom
(e.g. Goldstein 2010) and econometrics based on so-called panel data (e.g. Balgtagi 2013).
There are numerous ways by which f1 and f2 can be estimated. In gammSlice, f1(x1)+ f2(x2)
is modelled using mixed model-based penalised splines:

f1(x1)+ f2(x2)=�0+�x1x1+
K1∑

k=1

u1kz1k (x1)+�x2x2+
K2∑

k=1

u2kz2k (x2)

where u1k
ind∼N(0, �2

1), 1� k �K1 and u2k
ind∼N(0, �2

2), 1� k �K2.

The subscripted zs are the orthogonalised O’Sullivan spline basis functions (Wand &
Ormerod 2008). Further details on their specification are given in Sections 2 and 3.2.

The gammSlice package is essentially an MCMC implementation of GAMM, GLMM
and GAM special cases of the general design Bayesian generalised linear mixed models
described in Zhao et al. (2006). The reader is referred to that paper for details on this very
wide class of models.

As of early 2018, there are more than a dozen R packages on the Comprehensive R
Archive Network (www.cran.r-project.org) that support GLMM analysis. Many of
them, e.g. MASS (Venables & Ripley 2002), gamm4 (Wood & Scheipl 2017) and mgcv

(Wood 2017), use Laplace approximation, but a few, e.g. glmmBUGS (Brown & Zhou 2018),
MCMCglmm (Hadfield 2017), R2BayesX (Umlauf et al. 2017) and spikeSlabGAM (Scheipl
2011), use MCMC methods. A method based on exact maximum likelihood, via quadrature, is
supported by glmmML (Broström & Holmberg 2018) and lme4 (Bates et al. 2015). To the best
of our knowledge, the GAMM extension is only supported by gamm4, mgcv, R2BayesX and
spikeSlabGAM. The first two of the these packages use Laplace approximation and are quite
similar in terms of GAMM analysis. The third and fourth support GAMM fitting via MCMC.
Scheipl (2011) provides detailed a description of the capabilities of spikeSlabGAM, although
this paper focusses on generalised additive models rather than GAMM. The spikeSlabGAM

models differ from gammSlice and mgcv in terms of function estimation in that they use
spike-and-slab type prior distributions on the spline coefficients. The package R2BayesX

purports to support similar models to those supported by gammSlice. In early 2017, we tested
some GAMM analyses for the examples of Sections 3 and 5 in Version 1.1 of R2BayesX

but most of them led to breakdowns due the model not being supported. The landscape is
ever-changing, but as of November 2017 we believe that gammSlice is the only R package
that provides MCMC-based inference for GAMM analyses using the simple penalised spline
approach that mgcv uses.
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Section 2 contains an overview of the gammSlice package. Our demonstration of
gammSlice begins in Section 3 with four illustrative examples based on simulated data. In
Section 4 we illustrate the accuracy advantages of gammSlice over some existing GAMM
software. Section 5 contains some applications of gammSlice. In Section 6, we briefly
discuss possible extensions of gammSlice. An appendix gives some details on the sampling
scheme used by gammSlice for Bayesian inference in GAMM analysis.

2. Overview of gammSlice

The centerpiece of the gammSlice package is the function gSlc(). The main argument
of gSlc() is formula, which is used for specification of a GAMM corresponding to the
data in the data argument.

The formula argument is analogous to that in the popular GAM and GAMM package
mgcv and supports the specification of additive functions of the predictors. Numerical-valued
predictors may enter the model linearly or in the form of arbitrary smooth functions of the
predictors, although this latter situation is only appropriate when a predictor that is used in
this way has many unique values. Smooth function specification is done via the function
s(). For example, the formula

y∼x1 + x2 + s(x3) + s(x4)

corresponds to a GAM or GAMM with linear predictor of the form

�1x1+�2x2+ f3(x3)+ f4(x4).

In gSlc(), we use the same constructor function s() that is used by gam() and
gamm() in the mgcv package. The R command

help(s, package = "mgcv")

provides a full description of s() and further details, in the context of some examples, are
given in Section 3. The formula argument also supports categorical predictors entering
the model via the factor() constructor function. For example if x1 and x2 are numerical
predictors but x3 contains information on gender via the character strings "female" and
"male" then

y∼x1 + s(x2) + factor(x3)

will set up an indicator variable for an observation being in the male category. The female
category serves as a baseline since "female" precedes "male" in lexicographic ordering.

A random effect structure can be specified via the random argument. The family

argument allows specification of the distribution family of the response variables and is
currently restricted to "binomial" and "poisson". Additional preferences can be specified
through the control argument and the companion function gSlc.control(). Further
details can be obtained from issuing the following commands in R:

library(gammSlice)

help(gSlc)

help(gSlc.control)

The gammSlice package also has two methods functions for objects produced by
gSlc(). The main methods function is summary.gSlc(), which provides summaries of
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the MCMC output and Bayesian inferential summaries of model parameters. The other
methods function is plot.gSlc(), which supports display of estimated functions. More
details are available via:

help(summary.gSlc)

help(plot.gSlc)

The only other components of gammSlice are data-sets named indonRespir and
toenail. In Section 5, these datasets are used to illustrate GAMM analyses via gammSlice.

3. Illustrative examples using simulated data

We first give examples involving simulated data. These allow the essence of gammSlice

to be conveyed without the complexities associated with data arising from applied studies.

3.1. Simple logistic mixed model

Our first simulated data example involves the simple Bayesian logistic mixed model

yij|xij, �0, �x, Ui,
ind∼ Bernoulli(logit−1(�0+�xxij+Ui)), 1� i �m, 1� j �n,

xij
ind∼Uniform(0, 1), Ui|�2 ind∼N(0, �2)

�0, �x
ind∼N(0, �2

β), �∼Half-Cauchy(A).

(2)

The notation �∼Half-Cauchy(A) means that � has density function p(�)=2A=(�(�2+
A2)), � > 0 and A > 0. The hyperparameters �2

� and A can be specified by the user. Their
default values are discussed later in this section.

To illustrate fitting (2) in gammSlice we generate data with m=100, n=2, �0=0.5,
�x=1.7 and �2=0.8 as follows:

set.seed(39402)

m <- 100

n <- 2

beta0True <- 0.5

betaxTrue <- 1.7

sigsqTrue <- 0.8

idnum <- rep(1:m, each=n)

x <- runif(m * n)

U <- rep(rnorm(m, 0, sqrt(sigsqTrue)), each = n)

mu <- 1/(1 + exp(-(beta0True + betaxTrue * x + U)))

y <- rbinom((m * n), 1, mu)

Fitting is then performed using:

fit1 <- gSlc(y∼x, random = list(idnum =∼1), family = "binomial")

To obtain a summary of the slice sample output we use:
summary(fit1)

The resulting summary is shown in Figure 1. Column 2 contains trace plots of the MCMC
samples, commonly called chains, which are simply the values plotted in time order. The
third column plots each value of the chain against its previous value to allow quick visual
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parameter trace lag 1 acf density summary

β0
0 1 2 3

posterior mean: 1.11

95% credible interval: 
(0.321,2)

βx
−2 0 2

posterior mean: 0.643

95% credible interval: 
(−0.721,1.99)

σ2

0 5 10

posterior mean: 2.21

95% credible interval: 
(0.29,6.35)

Figure 1. Summary of slice-based MCMC samples for fitting the simple logistic mixed model (2)
in gammSlice. This plot was produced via the command summary(fit1) where fit1 is the fitted
object from a call to gSlc(). The columns are as follows: (1) parameter name, (2) trace plot of
the MCMC sample, (3) plot of MCMC sample against its lag 1 sample, (4) sample autocorrelation
function, (5) kernel density estimate of posterior density function, (6) numerical summaries of posterior
density function.

assessment of the amount of serial correlation. Column 4 shows the sample autocorrelation
functions for each chain, which is a more formal way to assess chain correlations at several
lags. Then in column 5, there are kernel estimates of the posterior density functions for each
parameter, followed by numerical summmaries in column 6 – each based on the relevant chain.

Columns 2–4 in Figure 1 provide indications of MCMC convergence, which is seen to be
quite good: the trace plots show no trends, the lag 1 correlation is mild and the autocorrelation
function spikes decay reasonably well. The last two columns show the estimated posterior
density function and some basic numerical summaries.

3.1.1 Pre-transformation of input data

The default version of the gSlc() function in gammSlice applies the pre-transformation:

(xij−min(xij))=(max(xij)−min(xij))

to the xij values before the slice sampling takes place. The corresponding back-transformation
is applied to the MCMC output. This strategy ensures that the results are scale invariant
when default hyperparameters are used. These defaults are discussed next.

3.1.2 Default settings and their modification

The gSlc() function has several default settings. Here we briefly describe the most
important of these and how the user may modify them if desired.

The default hyperparameters in gSlc() are as follows:

fixedEffPriorVar=�2
β =1010

and sdPriorScale=A=105.
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If, for example, one would like to have the prior distributions set to

�0, �x
ind∼N(0, 1013), �∼Half-Cauchy(103)

then the following command should be used:

fit1MyPriors <- gSlc( y∼x, random = list(idnum =∼1),
family = "binomial",
control = gSlc.control(fixedEffPriorVar=1e13,
sdPriorScale=1e3))

The slice sampling sample sizes in gSlc() have the following default values:

nBurn = number of burn-in iterations=5000,
nKept = number of kept iterations=5000

and nThin = thinning factor=5.

To specify, say, a burn-in of size 10,000, number of kept iterations equal to 8000, and a
thinning factor of 10, the call to gSlc() should be:

fit1BigMCMC <- gSlc(y∼x, random = list(idnum =∼1),
family = "binomial",
control = gSlc.control(nBurn = 10000,
nKept = 8000, nThin = 10))

3.1.3 Extraction of Markov chain Monte Carlo samples

The summary and plot commands allow a quick and convenient examination of the
gSlc() fit. However, the user may wish to produce other summaries based on the MCMC
output. Relevant values can be extracted via commands such as:

betaMCMC <- fit1$beta

sigmaSquaredMCMC <- fit1$sigmaSquared

3.1.4 Construction of additional summaries

The MCMC output can be used to construct summaries concerning the fitted model.
For example, the odds ratio, conditional on each subject’s random intercept, for x at its third
quartile (Q3) compared with x at its first quartile (Q1) is

ORx= exp(�x(Q3−Q1)).

The following code computes the approximate posterior mean odds ratio, and corre-
sponding 95% credible set, for ORx:

Q1 <- as.numeric(quantile(x, 0.25))
Q3 <- as.numeric(quantile(x, 0.75))
betaxMCMC <- fit1beta[,1]
ORxMCMC <- exp(betaxMCMC * (Q3 - Q1))
postMeanORx <- mean(ORxMCMC)
credSetORx <- as.numeric(quantile(ORxMCMC, c(0.025, 0.975)))

For the data and MCMC output corresponding to Figure 1, we get the posterior mean
for ORx equal to 1.53 and corresponding 95% credible set equal to (0.720, 2.89).
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3.2. Poisson nonparametric regression

Next, we consider the Poisson nonparametric regression model

yi
ind∼ Poisson

(
exp(f (xi))

)
, 1� i �n. (3)

The smooth function f is modelled using penalised splines:

f (x)=�0+�xx+
K∑

k=1

ukzk (x) where uk
ind∼N(0, �2). (4)

The {zk (·) : 1�k �K} are the orthogonalised O’Sullivan spline functions described in section
4 of Wand & Ormerod (2008). The choice of K is of relatively minor concern for penalised
splines. Its default value is min(25, nU =4) where nU is the number of unique xi values.

The full Bayesian model, amenable to fitting in gammSlice and with default hyper-
parameters, is

yi|xi, �0, �x, u1,…, uK
ind∼ Poisson(exp(�0+�xxi+

∑K

k=1
ukzk (xi))),

xi
ind∼Uniform(0, 1), uk |�2 ind∼N(0, �2),

�0, �x
ind∼N(0, 1010), �∼Half-Cauchy(105).

(5)

To illustrate its gammSlice fitting, we simulate data with n=400, the xis uniformly dis-
tributed in (0, 1) and

f (x)= cos(4�x)+2x−1

as follows:

set.seed(53902)
n <- 400
x <- runif(n)
y <- rpois(n, exp(cos(4 * pi * x) + 2 * x - 1))

To fit (5), we call gSlc() as follows:

fit2 <- gSlc(y ∼s(x), family = "poisson")

The function s() used here is an internal function that models f as a mixed model-based
penalised spline, as described by (4).

There are no clearly identifiable or interpretable parameters in (5). For convergence
assessment of such models, we recommend working with effective degrees of freedom (edf)
measures of the smooth function components. In the current model, with just a single smooth
function component, the value of the effective degrees of freedom is defined to be

edf= tr((CTWC+�−2D)−1CTWC) (6)

where

C= [1 xi z1(xi) · · · zK (xi)]1�i�n, D=diag(0, 0, 1,…, 1), W=diag(exp(f)).

and f=C[�0, �x, u1,…, uk ]T , with diag(v) denoting the diagonal matrix with the entries of v
along the diagonal. The justification for (6) is given in Hastie & Tibshirani (1990).
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parameter trace lag 1 acf density summary

edfx
10 15

posterior mean: 10.9

95% credible interval: 
(8.52,14.1)

Figure 2. Summary of the MCMC output of the effective degrees of freedom for the penalised
spline regression fitted in model (5). This plot was produced via the command summary(fit2)

where fit2 is the fitted object from a call to gSlc(). The columns are as described in the caption
of Figure 1.
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Figure 3. Left panel: Bayesian posterior mean estimate of f (solid line) and pointwise 95% credible
intervals (shaded region) obtained from gSlc() for the Poisson nonparametric regression model (5).
This is obtained via the command plot(fit2) where fit2 is the fitted object from gSlc(). The
true f from which the data were generated has been added, and is shown as a dashed line. Right
panel: As for the left panel, but for exp(f ) instead of f . The data are shown as circles.

MCMC convergence, via the edf measure, can be checked using:

summary(fit2)

which, for data simulated above, leads to the plot shown in Figure 2. The convergence of edf
is seen to be reasonable since the global line trend in the trace plot is flat, the lag 1 correlation
is mild, and the autocorrelation spikes are well below 1. The posterior distribution of edf
is seen to be centred about 10.5, which indicates a high degree of nonlinearity – consistent
with the mean function from which the data were generated. Visualisations of the estimate
of f are shown in Figure 3, and were obtained by issuing the commands:

plot(fit2)
plot(fit2, responseScale = TRUE)
points(x, y)

Setting responseScale=TRUE inside plot() transforms the estimate of f to the
scale of the data – in this case exp(f ), the inverse link function composed with f . Additional
ad hoc R commands were used to add the true f curves as dashed lines, and the legends.
The estimate of f from gSlc() is seen to be quite good in this case.
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3.3. Semiparametric logistic regression

Our third example is the simple semiparametric logistic model:

yi
ind∼ Bernoulli (logit−1(�x1x1i+ f (x2i))), 1� i �n. (7)

A Bayesian penalised spline formulation is:

yi|x1i, x2i, �0, �x1 , �x2 , u1,…, uK
ind∼

Bernoulli
(

logit−1(�0+�x1 x1i+�x2 x2i+
∑K

k=1
ukzk (x2i))

)
,

x1i
ind∼ Bernoulli

(
1

2

)
, x2i

ind∼Uniform(0, 1),

uk |�2 ind∼N(0, �2), �0, �x1 , �x2

ind∼N(0, 1010), �∼Half-Cauchy(105).

(8)

Consider a data set simulated with n=500 and f (x)= sin(2�x):

set.seed(981127)
n <- 500
betax1True <- 0.5
x1 <- sample(c(0, 1), n, replace=TRUE)
x2 <- runif(n)
mu <- 1/(1 + exp(- (betax1True * x1 + sin(2 * pi * x2))))
y <- rbinom(n, 1, mu)

Model (8) is fitted, and then summarised, in gammSlice using:

fit3 <- gSlc(y ∼ x1 + s(x2), family = "binomial")
summary(fit3)

Figure 4 shows the result of the summary(fit3) call. MCMC convergence for the key �x1

parameter is very good, and is reasonable for the effective degrees of freedom for the f (x2)
component.

parameter trace lag 1 acf density summary

βx1
0 0.5 1 1.5

posterior mean: 0.675

95% credible interval: 
(0.287,1.05)

edfx2
5 10 15

posterior mean: 5.37

95% credible interval: 
(3.4,9.23)

Figure 4. Summary of slice-based MCMC samples for fitting model (7), with Bayesian representation
(8), in gammSlice. This plot was produced via the command summary(fit3) where fit3 is the
fitted object from a call to gSlc(). The columns are as described in the caption of Figure 1.
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Figure 5. Bayesian posterior mean estimate of f (solid line) and pointwise 95% credible intervals
(shaded region) obtained from gSlc(). This plot was produced via the command plot(fit3)

where fit3 is the fitted object from a call to gSlc().

Lastly, the estimate of f can be viewed using:

plot(fit3)

This leads to Figure 5, which captures the sinusoidal nature of the true f function. Also
note that gammSlice convention is to plot the fit for the predictor of interest with all
other predictors set to their sample means. For Figure 5, the implication is that we are
plotting the Bayes estimate of �x1x1 + f (x2) against x2, where x1 is the average of the
x1is.

3.4. Poisson additive mixed model

The last example of simulated data is a Poisson additive mixed model

yij
ind∼ Poisson

(
exp

(
Ui+ f1(x1ij)+ f2(x2ij)

))
Ui

ind∼N(0, �2). (9)

The corresponding Bayesian penalised spline is as follows:

yij|x1ij, x2ij, �0, �x1 , u11,…, u1K1 , u21,…, u2K2

ind∼

Poisson
(

exp
(
�0+Ui+�x1 x1i+

∑K1
k=1u1kz1k (x1ij)+�x2 x2ij+

K2∑
k=1

u2kz2k (x2ij)
))

,

x1ij
ind∼Uniform(0, 1), x2ij

ind∼Uniform(0, 1),

Ui
ind∼N(0, �2), u1k |�2

x1

ind∼N(0, �2
x1

), u2k |�2
x2

ind∼N(0, �2
x2

),

�0, �x1 , �x2

ind∼N(0, 1010), �∼Half-Cauchy(105),
�x1 ∼Half-Cauchy(105), �x2 ∼Half-Cauchy(105)

(10)

where

{z1k (·) : 1� k �K1} and {z2k (·) : 1� k �K2}
are basis functions over the range of the x1i s and x2i s, respectively.
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Consider data generated from (9) with m=100, n=10, x1i and x2i independently and
uniformly distributed on (0, 1), �2=1 and the mean functions

f1(x)= cos(4�x)+2x, f2(x)= sin(2�x2) :

set.seed(2966703)
m <- 100
n <- 10
x1 <- runif(m * n)
x2 <- runif(m * n)
idnum <- rep(1:m, each = n)
sigsqTrue <- 1
U <- rep(rnorm(m, 0, sqrt(sigsqTrue)), each = n)
mu <- exp(U + cos(4 * pi * x1) + 2 * x1 + sin(2 * pi * x2 2̂))
y <- rpois(m * n, mu)

To fit the model to the data set, we use:

fit4 <- gSlc(y∼s(x1) + s(x2), random = list(idnum = ∼1),

family = "poisson")

As before, summary and functional fit plots are obtained as follows:

summary(fit4)

plot(fit4)

Figure 6 shows the result of summary(fit4). It indicates good convergence with the
default MCMC sample sizes. The 95% credible set for �2 is (0.535, 0.975), which is close
to including the value of 1 from which the data were generated.

parameter trace lag 1 acf density summary

edfx1
12 14 16 18 20 2

posterior mean: 16

95% credible interval: 
(13.8,18.7)

edfx2
8 10 12 14 16 18

posterior mean: 12.7

95% credible interval: 
(10.5,15.6)

σ2

0.4 0.6 0.8 1 1.2

posterior mean: 0.713

95% credible interval: 
(0.536,0.95)

Figure 6. Summary of slice-based MCMC samples for fitting the Poisson additive model (9),
with Bayesian representation (10), in gammSlice. This plot was produced via the command
summary(fit4) where fit4 is the fitted object from a call to gSlc(). The columns are as
described in the caption of Figure 1.
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Figure 7. Bayesian posterior mean estimates of f1 and f2 (solid lines) and pointwise 95% credible
intervals (shaded regions) obtained from gSlc() for the Poisson additive mixed model (9), with
Bayesian representation (10). This plot was produced via the command plot(fit4) where fit4

is the fitted object from a call to gSlc().

The high edf values reflect the nonlinearity of the fitted functional components. The
impression of these nonlinearity effects is reinforced by Figure 7.

4. Accuracy assessment

A small-scale simulation study was run to assess the accuracy of gammSlice, and to
see how it compares with the faster Laplace approximation based approaches.

We generated 100 samples according to the GLMM

yij
ind∼ Bernoulli(logit−1(�0+Ui)), 1� i �250, 1� j �2, Ui

ind∼N(0, �2) (11)

with ‘true values’

�0=2 and �=1.

For each sample we obtained point estimates and 95% confidence intervals for �0 and �
using the functions glmmPQL() and intervals() from the R package MASS (Venables &
Ripley 2002) and the functions glmer() and confint() from the R package lme4 (Bates
et al. 2015). As its name suggests, glmmPQL() uses penalised quasi-likelihood (PQL) (e.g.
Breslow & Clayton 1993) for approximate inference. However, glmer() uses a different
version of Laplace approximation which is described in the vignettes of Bates et al. (2015).
MCMC-based Bayes estimates and 95% credible sets were also obtained for each sample
using gSlc(), and the results compared. Such a comparison could be criticised from a
philosophical standpoint due to a mixture of Bayesian and frequentist inferential summaries
being compared. However, since the Bayesian inference is based on diffuse priors, there is
at least an informal sense in which the results are comparable.

Figure 8 provides a visual summary of the output from the simulation study. The PQL
results indicate a pronounced positive bias for both �0 and �. This is especially the case for

© 2018 Australian Statistical Publishing Association Inc.



T. H. PHAM AND M. P. WAND 291

1.0 1.5 2.0 2.5 3.0 3.5

0
20

40
60

80

β0

re
pl

ic
at

io
n 

nu
m

be
r

95% confid. intervals from glmmPQL
60.1%

0 1 2 3 4 5 6 7

0
20

40
60

80

σ

re
pl

ic
at

io
n 

nu
m

be
r

95% confid. intervals from glmmPQL
3.8%

1.0 1.5 2.0 2.5 3.0 3.5

0
20

40
60

80

β0

re
pl

ic
at

io
n 

nu
m

be
r

95% confid. intervals from glmer
89.9%

0 1 2 3 4 5 6 7
0

20
40

60
80

σ

re
pl

ic
at

io
n 

nu
m

be
r

95% confid. intervals from glmer
92.3%

1.0 1.5 2.0 2.5 3.0 3.5

0
20

40
60

80

β0

re
pl

ic
at

io
n 

nu
m

be
r

95% confid. intervals from gSlc
92.2%

0 1 2 3 4 5 6 7

0
20

40
60

80

σ

re
pl

ic
at

io
n 

nu
m

be
r

95% confid. intervals from gSlc
91.6%

Figure 8. Point and interval estimates obtained from glmmPQL(), glmer() and gSlc() for �0 (left
panels) and � (right panels) for 100 replications from (11). The true values of �0 and � are shown as
thick grey vertical lines. For each parameter and each method, empirical coverage percentage of the
95% confidence/credible intervals based on 1000 replications is shown in the top right-hand corner
of the relevant plot.

�, where the empirical coverage of the advertised 95% approximate confidence intervals is
seen to be abysmal. The Bayes estimates and 95% credible sets from gammSlice appear to
have better coverage, although the Bayes estimates exhibit a tendency to overestimate the
targets.

To better address the question of empirical coverage matching the nominal advertised
coverage of 95%, we ran 900 more replications of the study that produced Figure 8 and
kept track of which intervals included the true values out of the total of 1000 replications.
The corresponding percentages are also displayed in Figure 8.

The empirical coverage values reaffirm the fact that the approximate confidence intervals
produced by glmmPQL() can have very poor coverage. On the other hand, the empirical
coverage of the credible sets produced by glmer() and gSlc() are seen to be quite close
to the nominal level of 95%. Also note that the pronounced bias apparent in the PQL results
is corrected by the better Laplace approximation used by glmer().

© 2018 Australian Statistical Publishing Association Inc.



292 GENERALISED ADDITIVE MIXED MODELS

Ideally similar accuracy comparisons would be performed for the GAMM extension,
where smooth functions are present. However, the current releases of mgcv and gamm4 do
not fully support confidence intervals. Despite their limitations, these results indicate that,
if accuracy is of utmost importance, gammSlice is a much better alternative to PQL-based
inference.

5. Application to data arising from medical studies

We now illustrate the use of gammSlice for the analysis of actual data-sets, that have
arisen from medical studies. Each data-set has appeared before in the GLMM literature,
which allows some comparison with previously published results.

5.1. Toenail data

The toenail data arose from a longitudinal study reported in De Backer et al. (1998).
The study is concerned with treatment of onycholysis, the separation of the toenail from its
normal attachment to the nail bed. The response measurements are

onycholysisij=
{

0 onycholysis absent or mild in patient i at visit j
1 onycholysis moderate to severe in patient i at visit j

where 1� i �294 and 1� j �ni where ni ∈{1,…, 7} is the number of visits made by the ith
patient.

Corresponding predictor variables are as follows:

terbi=
{

0 ith patient treated with intraconazole
1 ith patient treated with terbinafine

and monthsij, the number of months since start of the treatment when the ith patient made
his/her jth visit. Figure 9 shows onycholysisij versus monthsij, with greyscale coding
according to the treatment.

We considered the logistic mixed model

onycholysisij|�terb, �months, �terbXmonths, Ui
ind∼

Bernoulli
(

logit−1
(
�0+Ui+�terb(terbi)+�months(monthsij)+

+�terbXmonths(terbi×monthsij)
))

, Ui
ind∼N(0, �2).

(12)

Slice sampling-based fitting of (12) and summarisation can be achieved via:

data("toenail")
terbXmonths <- toenail[,"terb"] * toenail[,"months"]
toenailPlus <- cbind(toenail, terbXmonths)
fitTN <- gSlc(onycholysis ∼ terb + months + terbXmonths,

random = list(idnum = ∼ 1),
data = toenailPlus,family = "binomial")

summary(fitTN)

The resulting summary plot is shown in Figure 10. This summary shows very good
MCMC convergence for all key variables. The time effect, quantified by �months is seen to
be significant with a 95% credible set of (−0.489, − 0.313). This indicates a significant
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Figure 9. Plot of the toenail data, obtained using the R package lattice (Sarkar 2008).

decrease in prevalence of onycholysis over the course of the study. Similarly, �terbXmonths

has a 95% credible set of (−0.278, − 0.00379). Hence there is evidence that terbinafine
has a moderating effect over time in terms of reducing prevalence of onycholysis. The 95%
credible set for �2 of (12.4, 26) constitutes evidence of within-patient correlation.

5.1.1 Illustrative odds ratio summary

The odds ratio, conditional on each subject’s random intercept, for

terb=1 and months=median of months values=Q2

versus

terb=0 and months=0

is ORterb= exp(�terbQ2). Via calculations analogous to those given in Section 3.1.4, the
posterior mean for ORterb is found to be 0.767 and the 95% credible set to be (1.87×
10−7, 0.670). These results are consistent with the statistically significant interaction effect
shown in Figures 10 and 11.
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parameter trace lag 1 acf density summary

β0
−3 −2 −1 0

posterior mean: −1.65
95% credible interval: 

(−2.49,−0.733)

βterb
3 −2 −1 0 1 2

posterior mean: −0.27
95% credible interval: 

(−1.49,0.909)

βmonths
−0.6 −0.5 −0.4 −0.3 −

posterior mean: −0.403
95% credible interval: 

(−0.498,−0.317)

βterbXmonths
−0.4 −0.2 0 0.2

posterior mean: −0.132
95% credible interval: 

(−0.266,−0.00518)

σ2

10 20 30

posterior mean: 17.8
95% credible interval: 

(11.9,25.6)

Figure 10. Summary of slice-based MCMC samples for fitting the logistic mixed model (12) fitted
to the toenail data in gammSlice. This plot was produced via the command summary(fitTN)

where fitTN is the fitted object from a call to gSlc(). The columns are as described in the caption
of Figure 1.
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βmonths
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2.0 3.0 4.0 5.0
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Figure 11. Comparison of point and interval estimates for each of the model parameters, based on
gammSlice, PQL and adaptive Gauss-Hermite quadrature (AGHQ) fitting of (12) to the toenail data.
For gammSlice, the point estimates correspond to posterior means and the interval estimates are
95% credible sets based on the MCMC output. For PQL, the point estimates are penalised maximum
likelihood estimates and the interval estimates are approximate 95% confidence intervals based on
PQL approximation. The PQL results were obtained via the function glmmPQL() from the R package
MASS. The AGHQ results were obtained via the function glmer() from the R package lme4.

5.1.2 Comparison with penalised quasi-likelihood and exact maximum likelihood

Figure 11 provides a comparison of Bayes estimates and 95% credible sets from
gammSlice with their penalised quasi-likelihood and exact likelihood counterparts. The
penalised quasi-likelihood (PQL) fits were obtained using the function glmmPQL() from
the R package MASS (Venables & Ripley 2002). The exact likelihood fits were obtained via
the function glmer() from the R package lme4 (Bates et al. 2015), which uses adaptive
Gauss-Hermite quadrature (AGHQ) to achieve exactness. The potential philosophical criti-
cisms of comparing frequentist and Bayesian inferential summaries, mentioned in Section
4, apply here as well. The diffuseness of the priors means that at least informal comparison
is justifiable.
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βvitAdefic
−2 −1 0 1 2

posterior mean: 0.581

95% credible interval: 
(−0.56,1.55)

βfemale
−2 −1 0

posterior mean: −0.549

95% credible interval: 
(−1.12,0.00205)

βheight
−0.15 −0.1 −0.05 0 0.05 0

posterior mean: −0.0321

95% credible interval: 
(−0.0929,0.0229)

βstunted
−1 0 1 2

posterior mean: 0.554

95% credible interval: 
(−0.406,1.51)

βvisit2
−3 −2 −1 0

posterior mean: −1.16

95% credible interval: 
(−2.06,−0.389)

βvisit3
−2 −1 0 1

posterior mean: −0.584

95% credible interval: 
(−1.4,0.25)

βvisit4
−3 −2 −1 0

posterior mean: −1.35

95% credible interval: 
(−2.32,−0.444)

βvisit5
−1 0 1 2

posterior mean: 0.483

95% credible interval: 
(−0.211,1.19)

βvisit6
−1 0 1

posterior mean: −0.017

95% credible interval: 
(−0.676,0.733)

edfage
0 5 10

posterior mean: 4.06

95% credible interval: 
(1.84,7.43)

σ2

0 1 2 3

posterior mean: 0.897

95% credible interval: 
(0.239,2.13)

Figure 12. Summary of slice-based MCMC samples for fitting the logistic additive mixed model
(13) to the toenail data in gammSlice. This plot was produced via the command summary(fitIR)

where fitIR is the fitted object from a call to gSlc(). The columns are as described in the caption
of Figure 1.
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We see from Figure 11 that gammSlice and AGHQ give answers that are quite close
to one another, providing further evidence of the accuracy of the slice sampling approach.
PQL is shown to be quite inaccurate for some of the parameters, such as �months and �.

5.2. Indonesian Children’s Health Study data

The Indonesian Children’s Health Study data, obtained from a cohort of 275 Indonesian
children, originates from Sommer (1982) and is also is described in Diggle et al. (2002). The
response variable is respiratory infection (0=absent, 1=present) whilst potential predictors
are age, indicator of vitamin A deficiency, sex, height, indicator of being stunted and the
number of clinic visits for each child. Here, we work with indicators for the number of visits,
and five such indicators are required. Let xij be the 9×1 vector containing values of these
predictors where 1� i �275 indexes child and 1� j �ni indexes the repeated measures for
each child. An additive mixed model of interest is:

logit(P(respiratoryinfectionij=1))=Ui+βTxij+ f (ageij),

Ui
ind∼N(0, �2).

(13)

This model is fitted in gammSlice via:

data("indonRespir")

fitIR <- gSlc(respirInfec ∼s(age) + vitAdefic + female + height

+ stunted + visit2 + visit3 + visit4 +

visit5 + visit6,

random = list(idnum =∼1),family

= "binomial",

data = indonRespir)

To see the summary we type:

summary(fitIR)

We get the summary shown in Figure 12. This is similar to figure 1 of Zhao et al.
(2006) and shows that a diet rich in vitamin A and regular clinical visits tend to lower the
risk of respiratory infection.

A plot showing the probability of respiratory infection as a function of age is shown
in Figure 13, and is obtained using:

plot(fitIR, responseScale = TRUE)

Figure 13 indicates the interesting non-monotonic age effect that was also observed
by, for example, Lin & Carroll (2001) and Zhao et al. (2006). A simpler model, such as
a GLMM without the penalised spline component, would miss this non-linear age effect.
Hence, the GAMM provides a sounder and more insightful analysis.

6. Extensions

As with any package of this type, numerous extensions of gammSlice could be con-
templated. One of the more obvious of these extensions is the provision of additional
distributional families for the response variable. Examples are gamma, negative binomial
and generalised extreme value distributions. Another type of extension is to allow for the
GAM and GAMM to have bivariate functions of pairs of continuous predictors included
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Figure 13. Bayesian posterior mean estimate of f (age) (solid line) and pointwise 95%
credible intervals (shaded region) obtained. This plot was produced via the command
plot(fitIR,responseScale=TRUE) where fitIR is the fitted object from a call to gSlc().

in the model. These are sometimes referred to a geoadditive models, and are included in
the general design GLMM framework described in Zhao et al. (2006). The final extension
that we would like to mention is one that would allow for vector random effect structures –
appropriate for models having both random intercept and slopes. All of these extensions are
relatively straightforward with respect to the gammSlice infrastructure. Time and resource
constraints have placed the usual limitations on the current release of gammSlice.

Appendix I
Sampling Scheme Details

As mentioned in Section 1, a detailed mathematical description of the Bayesian GAMM
supported by gammSlice is given in Zhao et al. (2006). However, the slice sampling scheme
used by gammSlice is not discussed there. Hence we give some details here.

Models currently supported by gammSlice have the general form

p(y |β, u)∝ exp(y T (Xβ+Zu)−1T b(Xβ+Zu)),

u=

⎡
⎢⎢⎢⎣

u1

u2
...

uL

⎤
⎥⎥⎥⎦

∣∣∣∣∣�2
1,…, �2

L∼N

⎛
⎜⎜⎝0,

⎡
⎢⎢⎣

�2
1I q1 0 · · · 0
0 �2

2I q2 · · · 0
...

...
. . . 0

0 0 · · · �2
LI qL

⎤
⎥⎥⎦

⎞
⎟⎟⎠,

β∼N(0, �2
βI ), �`

ind∼Half-Cauchy(A`), 1�`�L.

(14)
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The notation in (14) is as follows: β is the vector of all fixed effects parameters and X is
the fixed effects design matrix, u is the vector of all random effects parameters and Z is
the random effects design matrix, I d denotes the d ×d identity matrix, q` is the length of
u` and

b(x)=
{

log(1+ ex), if the yi are Bernoulli
ex, if the yi are Poisson.

Note that the Z matrix may contain both indicators of group membership and spline basis
functions. For example, in the Poisson additive mixed model treated in Section 3.4 we have
Z being the horizontal concatenation of I m⊗1n, where 1n is the n×1 vector of ones, and
the two spline basis design matrices containing the z1k (x1ij) and z2k (x2ij) values respectively.

In the context of model (14), MCMC sampling schemes benefit from the result

�∼Half-Cauchy(A) if and only if

{
�2|a∼ Inverse-Gamma(1=2, 1=a),
a∼ Inverse-Gamma(1=2, 1=A2),

(15)

where x∼ Inverse-Gamma(�, �) means that x has an inverse gamma distribution with shape
parameter � and rate parameter �. The inverse gamma density function is

p(x)=���(�)−1x−�−1 exp(−�=x), x > 0.

Hence we replace �`
ind∼Half-Cauchy(A`) in (15) by

�2
` |a`

ind∼ Inverse-Gamma(1=2, 1=a`), a`
ind∼ Inverse-Gamma(1=2, 1=A2

`).

Let

ν=
[

β

u

]
, C = [X Z ],

and let �j denote the jth entry of ν and ν−j denote the vector obtained from ν when �j is
omitted. Similarly, define c j to be the jth column of C and C−j to be the C matrix with
the jth column removed. Also, write

t|s1, s2, s3, s4∼Hb(s1, s2, s3, s4)

to denote that the random variable t, conditional on (s1, s2, s3, s4), has density function

pb(t|s1, s2, s3, s4)∝ exp
(
s1t− 1

2
(t2=s2)−1T b(ts3+ s4)

)
, −∞< t <∞. (16)

Let 1d denote the d ×1 vector of ones, p be the number of columns in X and q=∑
`=1 q`

be the number of columns in Z . Finally, let B and G be positive integers that specify the size
of the burn-in and the number of samples to be retained for inference. The Gibbs sampling
scheme algorithm is:
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Initialise ν[0] ∈RP , (�2
` )[0] > 0, 1�`�L.

For g=1,…, B+G:
v [g]← [�2

β1T
p , (�2

1)[g−1]1T
q1

,…, (�2
L)[g−1]1T

qL
]T

For j=1,…, p+q:
�[g]

j ∼Hb((C T y )j , (v [g−1])j , c j , C−jν
[g−1]
−j ),

For `=1,…, L:

a[g]
` ∼ Inverse-Gamma

(
1, 1=(�2

` )[g−1]+A−2
`

)
,

(�2
` )[g]∼ Inverse-Gamma

(
1
2 (q`+1), 1

2‖u[g]
` ‖+1=a[g]

`

)

Return ν[g] and (�2
` )[g] > 0, 1�`�L for B+1�g �B+G.

Assuming that B is large enough for an acceptable level of convergence, the retained
samples can be treated as draws from the respective posterior distributions, and used for
approximate Bayesian inference.

It remains to describe sampling from Hb(s1, s2, s3, s4) for general arguments s1, s2, s3, s4.
Since the corresponding density (16) has a simple closed form expression up to the normalising
factor it follows that slice sampling can be used obtain the required draws. Neal (2003)
describes easy-to-implement procedures and his ‘stepping out’ method is the default used
in gammSlice.

This simplicity of slice sampling makes the implementation quite straightforward and
robust. However, naı̈ve implementations can be inefficient due to the sparse forms that
routinely arise in the Z matrix. In gammSlice we have been careful to avoid superfluous
calculations arising from these sparse forms.
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