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S.1 Proof of Theorem 1

First note that for any a, b ∈ R,∫ ∞

−∞
Φ(a + bx)φ(x) dx = Φ

(
a√

b2 + 1

)
and

∫ ∞

−∞
xΦ(a + bx)φ(x) dx =

b√
b2 + 1

φ

(
a√

b2 + 1

)
.

(S.1)

From the first result in (S.1), it follows immediately that

∫ ∞

−∞
expitk(µ + σ x)φ(x) dx =

k∑
i=1

pk,iΦ

 µ sk,i√
1 + σ2 s2

k,i

 .

Hence, for all µ ∈ R and σ > 0,∣∣∣∣∣∣B0(µ, σ2)−
k∑

i=1

pk,iΦ

 µ sk,i√
1 + σ2 s2

k,i

∣∣∣∣∣∣
=
∣∣∣∣∫ ∞

−∞
expit(µ + σ x)φ(x) dx−

∫ ∞

−∞
expitk(µ + σ x)φ(x) dx

∣∣∣∣
≤
∫ ∞

−∞

∣∣expit(µ + σ x)− expitk(µ + σ x)
∣∣φ(x) dx

≤ sup
u∈R

∣∣expit(u)− expitk(u)
∣∣ ∫ ∞

−∞
φ(x) dx = ∆k

where the last equality follows from (7). Part (a) of Theorem 1 follows immediately.
The second result in (S.1) implies that

∫ ∞

−∞
x expitk(µ + σ x)φ(x) dx = σ

k∑
i=1

pk,i sk,i√
1 + σ2 s2

k,i

φ

 µ sk,i√
1 + σ2 s2

k,i


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For all µ ∈ R and σ > 0 we then have∣∣∣∣∣∣B1(µ, σ2)− σ

k∑
i=1

pk,i sk,i√
1 + σ2 s2

k,i

φ

 µ sk,i√
1 + σ2 s2

k,i

∣∣∣∣∣∣
=
∣∣∣∣∫ ∞

−∞
expit(µ + σ x) xφ(x) dx−

∫ ∞

−∞
expitk(µ + σ x) xφ(x) dx

∣∣∣∣
≤
∫ ∞

−∞

∣∣expit(µ + σ x)− expitk(µ + σ x)
∣∣ |x|φ(x) dx

≤ sup
u∈R

∣∣expit(u)− expitk(u)
∣∣ ∫ ∞

−∞
|x|φ(x) dx

= 2∆k

∫ ∞

0
xφ(x) dx =

√
2/π ∆k.

S.2 Derivation of Algorithm 1

The message passed from p(y|θ) to θ is

mp(y|θ) → θ(θ) = exp[yT Aθ − 1T log{1 + exp(Aθ)}]

is not conjugate with Multivariate Normal messages passed to θ from other factors. A non-
conjugate VMP remedy (Knowles & Minka, 2011) involves replacement of mp(y|θ) → θ(θ) by

m̃p(y|θ) → θ(θ) ≡ exp


[

θ

vec(θθT )

]T

ηp(y|θ) → θ

 (S.2)

to enforce conjugacy with Multivariate Normal messages. Under pre-specification (S.2) the cur-
rent q(θ) density function satisfies

q(θ) ∝ m̃p(y|θ) → θ(θ)× (product of messages passed to θ from its other neighbours)

From (10) of Wand (2017), we then get

q(θ) ∝ m̃p(y|θ) → θ(θ)mθ → p(y|θ)(θ) = exp


[

θ

vec(θθT )

]T

ηp(y|θ) ↔ θ


where

ηp(y|θ) ↔ θ ≡ ηp(y|θ) → θ + ηθ → p(y|θ).

Let µp(y|θ) ↔ θ and Σp(y|θ) ↔ θ be the corresponding common parameters. The natural param-
eters and common parameters are the following functions of each other:

ηp(y|θ) ↔ θ =

[
(ηp(y|θ) ↔ θ)1
(ηp(y|θ) ↔ θ)2

]
=

[
Σ−1

p(y|θ) ↔ θµp(y|θ) ↔ θ

−1
2vec(Σ−1

p(y|θ) ↔ θ)

]

and

{
µp(y|θ) ↔ θ = −1

2{vec−1
(
(ηp(y|θ) ↔ θ)2

)
}−1(ηp(y|θ) ↔ θ)1

Σp(y|θ) ↔ θ = −1
2{vec−1

(
(ηp(y|θ) ↔ θ)2

)
}−1.

(S.3)

In the upcoming arguments we will use the shorthand:

ηq(θ) ≡ ηp(y|θ) ↔ θ, µq(θ) ≡ µp(y|θ) ↔ θ and Σq(θ) ≡ Σp(y|θ) ↔ θ.
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Using the set-up of Section 2.2 of Rohde & Wand (2016), the θ-localized approximate marginal
log-likelihood is

log p(y; q, ηq(θ))
[θ] = Entropy{q(θ;ηq(θ))}+ NonEntropy{q(θ;ηq(θ))}

where
Entropy{q(θ);ηq(θ))} = 1

2 log
∣∣∣− 1

2{vec−1(ηq(θ))2}−1
∣∣∣+ d{1 + log(2π)}/2,

with d denoting the dimension of θ. Also,

NonEntropy{q(θ;ηq(θ))}≡Eq(θ;ηq(θ))
{log p(y|θ)}

+Eq(θ;ηq(θ))
(sum of other log-factors neighboring θ)

= yT Aµq(θ) − Eq(θ;ηq(θ))

[
1T log{1 + exp(Aθ)}+

[
θ

vec(θθT )

]T

η†

]
where η† is the sum of the natural parameters of the messages passed to θ other than the mes-

sage from p(y|θ). Ideally we would maximize log p(y; q, ηq(θ))[θ] over ηq(θ) but are thwarted by
the intractability of the q-density expectation of log{1 + exp(Aθ)}. To get around this we apply
(1) to obtain

log p(y; q, ηq(θ))
[θ] ≥ Entropy{q(θ;ηq(θ))}+ NonEntropy{ηq(θ),ω1}

where

NonEntropy{ηq(θ),ω1}≡ yT Aµq(θ) − 1
2(ω2

1)
T diagonal(AΣq(θ)A

T )

−1T log[1 + exp{Aµq(θ) + 1
2(1− 2ω1)� diagonal(AΣq(θ)A

T )}]

+

{[
µq(θ)

vec
(
Σq(θ) + µq(θ)µ

T
q(θ)

)]}T

η†

and ω1 is an n× 1 vector of variational parameters. We now seek to maximize

log p(y; q, ηq(θ),ω1)[θ] ≡ Entropy{q(θ;ηq(θ))}+ NonEntropy{ηq(θ),ω1}.

Using arguments analogous to those given in Section 4 of Rohde & Wand (2016), the function
log p(y; q, ηq(θ),ω1)[θ] has a stationary point in the [ηT

q(θ) ωT
1 ]T space if and only if

ηq(θ) =
{

Hηq(θ)
A(ηq(θ))

}−1
Dηq(θ)

NonEntropy{ηq(θ),ω1}T and (S.4)

0 = Dω1 NonEntropy{ηq(θ),ω1}T (S.5)

with A denoting the Multivariate Normal log-partition function and Dηq(θ)
and Hηq(θ)

respec-
tively denoting the derivative vector and Hessian matrix with respect to ηq(θ) as defined in
Rohde & Wand (2016). Standard vector calculus steps (e.g. Wand, 2002) lead to

Dω1 NonEntropy{ηq(θ),ω1}T =
[
expit{Aµq(θ) + 1

2(1− 2ω1)� diagonal(AΣq(θ)A
T )} − ω1

]
�diagonal(AΣq(θ)A

T ).

Substitution of this result into (S.5) and a reworking of the arguments that lead to Result 2 of Ro-
hde & Wand (2016), but applied to NonEntropy{ηq(θ),ω1}, rather than NonEntropy{q(θ;ηq(θ))},
lead to the fixed-point updates:

ω1 ←− expit{Aµq(θ) + 1
2(1− 2ω1)� diagonal(AΣq(θ)A

T )}

vq(θ) ←− Dµq(θ)
NonEntropy{ηq(θ),ω1}T

Σq(θ) ←− −
[
Hµq(θ)

NonEntropy{ηq(θ),ω1}
]−1

µq(θ) ←− µq(θ) + Σq(θ)vq(θ)

(S.6)
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Further vector calculus leads to the explicit forms:

Dµq(θ)
NonEntropy{ηq(θ),ω1}T = AT

(
y − expit

[
Aµq(θ) + 1

2(1− 2ω1)� diagonal(AΣq(θ)A
T )
])

+(η†)1 + 2 vec−1
(
(η†)2

)
µq(θ)

and

Hµq(θ)
NonEntropy{ηq(θ),ω1}T =

−AT diag

(
1
21

1 + cosh
[
Aµq(θ) + 1

2(1− 2ω1)� diagonal(AΣq(θ)A
T )
])A + 2 vec−1

(
(η†)2

)
.

Introduction of ω0 ≡ logit(ω1) and substitution into (S.6) then gives

ω0 ←− Aµq(θ) + 1
2(1− 2ω1)� diagonal(AΣq(θ)A

T )

ω1 ←− expit(ω0) ; ω2 ←− 1/[2{1 + cosh(ω0)}]

Σq(θ) ←−
{

AT diag(ω2)A− 2vec((η†)2)
}−1

µq(θ) ←− µq(θ) + Σq(θ)

{
AT (y − ω1) + (η†)1 + 2 vec−1

(
(η†)2

)
µq(θ)

}
.

(S.7)

The remainder of the derivation of Algorithm 1 involves expressing (S.7) in terms of the input
and output natural parameter vectors

ηp(y|θ) → θ and ηθ → p(y|θ).

Using (S.3), the ω0 update is equivalent to
µ ←− −1

2A
{

vec−1
(
(ηp(y|θ) ↔ θ)2

)}−1
(ηp(y|θ) ↔ θ)1

σ2 ←− −1
2diagonal

[
A
{

vec−1
(
(ηp(y|θ) ↔ θ)2

)}−1
AT
]

ω0 ←− µ + 1
2(1− 2ω1)� σ2.

The Σq(θ) update can be written as

−1
2{vec−1

(
(ηp(y|θ) ↔ θ)2

)
}−1 ←−

{
AT diag(ω2)A− 2 vec−1

(
(η†)2

)}−1

which is equivalent to

(ηp(y|θ) → θ)2 + (η†)2 ←− −1
2vec(AT diag(ω2)A) + (η†)2

which, in turn, is equivalent to the second component of ηp(y|θ) → θ being updated according
to

(ηp(y|θ) → θ)2 ←− −1
2vec(AT diag(ω2)A). (S.8)

For the update of the first component of ηp(y|θ) → θ we note that the last update of (S.7) is
equivalent to

Σ−1
q(θ)µq(θ) ←− Σ−1

q(θ)µq(θ) + AT (y − ω1) + (η†)1 + 2 vec−1
(
(η†)2

)
µq(θ) (S.9)

where, on the right-hand side,

Σ−1
q(θ) = AT diag(ω2)A− 2 vec−1

(
(η†)2

)
(S.10)
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according to its updated value and

µq(θ) = −1
2{vec−1

(
(ηp(y|θ) ↔ θ)2

)
}−1(ηp(y|θ) ↔ θ)1 (S.11)

is the terms of the natural parameter from the previous iteration before (S.8) has taken place.
Substitution of (S.10) and (S.11) into (S.9) we get

(ηp(y|θ) → θ)1 + (η†)1 ←−{
− 1

2AT diag(ω2)A + vec−1
(
(η†)2

)}
{vec−1

(
(ηp(y|θ) ↔ θ)2

)
}−1(ηp(y|θ) ↔ θ)1

+AT (y − ω1) + (η†)1 − vec−1
(
(η†)2

)
{vec−1

(
(ηp(y|θ) ↔ θ)2

)
}−1(ηp(y|θ) ↔ θ)1

which is equivalent to

(ηp(y|θ) → θ)1←−−1
2AT diag(ω2)A{vec−1

(
(ηp(y|θ) ↔ θ)2

)
}−1(ηp(y|θ) ↔ θ)1 + AT (y − ω1)

= AT (ω2 � µ) + AT (y − ω1) = AT (y − ω1 + ω2 � µ).

Combining this update with that given in (S.8) we get the following update for the full natural
parameter vector:

ηp(y|θ) → θ ←−

 AT
(
y − ω1 + ω2 � µ

)
−1

2vec
(
AT diag(ω2)A

)


which matches Algorithm 1.

S.3 Approximation of corr(β0, β1|y)

Consider the Bayesian linear regression model (8). Then, given the approximate noninformativ-
ity of prior distribution of β = [β0 β1], the posterior covariance matrix of β, Cov(β|y) is such
that

Cov(β|y) ≈ the inverse Fisher information matrix of β = [XT diag{b′′(Xβ)}X]−1

=
(

XT diag
[

1
2{1 + cosh(Xβ)}

]
X

)−1

where

X ≡

 1 x1
...

...
1 xn

 .

Straightforward algebra then leads to the approximate posterior correlation between β0 and β1

being

corr(β0, β1|y) ≈
− 1

n

∑n
i=1[xi/{1 + cosh(β0 + β1xi)]√

1
n

∑n
i=1[1/{1 + cosh(β0 + β1xi)}] 1

n

∑n
i=1[x

2
i /{1 + cosh(β0 + β1xi)}]

.

However, the xis are uniformly distributed on (0, 1) so replacement of sample means by popu-
lation means leads to the final approximation

corr(β0, β1|y) ≈
−
∫ 1
0 [x/{1 + cosh(β0 + β1x)}] dx√∫ 1

0 [1/{1 + cosh(β0 + β1x)}] dx
∫ 1
0 [x2/{1 + cosh(β0 + β1x)}] dx

.
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S.4 Approximate Marginal Log-Likelihood Expressions

The simulation study described in Section 4 concerning variational inference for the Bayesian
logistic regression model (2) used approximate marginal log-likelihood expressions, appropriate
for the particular approach, as a means to assess convergence. Each of the expressions are given
in this section. The last one uses the definition

B(µ, σ2) ≡
∫ ∞

−∞
b(µ + σ x)φ(x) dx

where, as defined in Section 3.2,
b(x) ≡ log(1 + ex).

As with the Br notation given there, evaluations of B(µ,σ2) when µ and σ2 are equal-sized
column vectors are defined in an element-wise fashion, as illustrated by

B

([
19
11

]
,

[
36
28

])
≡
[

B(19, 36)
B(11, 28)

]
.

S.4.1 Jaakkola-Jordan Updates

log p(y; q, ξ) = 1
2 log |Σq(β;ξ)|+ 1

2µT
q(β;ξ)Σ

−1
q(β;ξ)µq(β;ξ) − 1

2µT
βΣ−1

β µβ

+
n∑

i=1

{ξ/2− log(1 + eξi) + (ξ/4) tanh(ξi/2)} − 1
2

log |Σβ|

where

Σq(β;ξ) ≡
[
XT diag

{
tanh(ξ/2)

2ξ

}
X + Σ−1

β

]−1

and µq(β;ξ) ≡ Σq(β;ξ){XT (y− 1
21)+Σ−1

β µβ}.

and ξ is the current value of the variational parameter vector that arises in the Jaakkola-Jordan
device. See, for example, Section 5.1 of Wand (2017).

S.4.2 Saul-Jordan Updates

log p(y; q, ω) = 1
2 log |Σq(β)| − 1

2 tr
[{

Σ−1
β

{
Σq(β) + (µq(β) − µβ)(µq(β) − µβ)T

}]
+yT Xµq(β) − 1

2(ω2)T diagonal(XΣq(β)X
T )

−1T log[1 + exp{Xµq(β) + 1
2(1− 2ω)� diagonal(XΣq(β)X

T )}]

+
d

2
− 1

2
log |Σβ|

where ω is the current value of the variational parameter vector that arises in the Saul-Jordan
device.

S.4.3 Knowles-Minka-Wand Updates

log p(y; q) = 1
2 log |Σq(β)| − 1

2 tr
[{

Σ−1
β

{
Σq(β) + (µq(β) − µβ)(µq(β) − µβ)T

}]
+yT Xµq(β) − 1T B

(
Xµq(β), diagonal(XΣq(β)X

T )
)

+
d

2
− 1

2
log |Σβ|
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