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Summary

Expectation propagation is a general approach to deterministic approximate Bayesian
inference for graphical models, although its literature is confined mostly to machine
learning applications. We investigate the utility of expectation propagation in generalised,
linear, and mixed model settings. We show that, even though the algebra and computations
are complicated, the notion of message passing on factor graphs affords streamlining of
the required calculations and we list the algorithmic steps explicitly. Numerical studies
indicate expectation propagation is marginally more accurate than a competing method for
the models considered, but at the expense of bigger algebraic and computational overheads.
Key words: Bayesian computing; factor graphs; Infer.NET; mean field variational Bayes, mes-
sage passing.

1. Introduction

Fitting and inference for linear models and their various extensions continues to be
a major area of research, with technological advances constantly changing the landscape.
Increases in the size of data sets and the complexity of models are necessitating agile
methodological development. One manifestation of this state of affairs is the emergence
of Bayesian inference engines, such as InferNET (Minka et al. 2014) and Stan (Stan
Development Team 2016), that utilise fast deterministic algorithms such as those based on
variational approximations.

In this article our focus is on the fast approximate inference paradigm known as ex-
pectation propagation (Minka 2001, 2005). In Kim & Wand (2016) we derived the explicit
form of expectation propagation for the simple statistical problem of Bayesian inference
from independent and identically distributed observations from a normal distribution. Here,
we investigate extensions to linear model scenarios. McCulloch, Searle & Neuhaus (2008)
provides a particularly attractive coverage of these families of models and we borrow their
succinct title Generalized, Linear, and Mixed Models in titling this article. Linear models,
generalised linear models, linear mixed models and generalised linear mixed models is a fuller
description of the types of models covered here. Various semiparametric regression models,
such as generalised additive models, can be embedded within these structures courtesy of
mixed model-based penalised splines (e.g. Ruppert, Wand & Carroll 2009).
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76 EXPECTATION PROPAGATION FOR LINEAR MIXED MODELS

Expectation propagation is an alternative to mean field variational Bayes (e.g. Wain-
wright & Jordan 2008) for potentially fast approximate inference in large statistical models.
There is some empirical evidence (e.g. Minka 2001; Kim & Wand 2016) that expectation
propagation is the more accurate of the two, although this needs to be traded off against
its onerous algebraic and computational overheads. However, the literature on expectation
propagation in statistical contexts is rather scant. For example, the algorithmic details needed
to fit a Gaussian response linear regression model are difficult to discern from any of the
existing literature of which we are aware. Removal of this obstacle is one of the major con-
tributions of this paper. The upcoming sections provide explicit ready-to-implement details
on expectation propagation for a wide range of generalised, linear and mixed models. As
we shall see, the derivations for these models are very similar to the derivations given in
Kim & Wand (2016). Therefore we will regularly refer to this earlier article of ours. It is
essential background reading for the current article.

Our treatment of expectation propagation, geared towards linear models, can be con-
trasted with the existing relevant literature as follows. The very general formulation of
expectation propagation in appendix B of Minka & Winn (2008), in terms of message pass-
ing on factor graphs, has the beauty of distilling the iterative updates to just two equations.
However, as demonstrated in Kim & Wand (2016), a great deal of algebra is required to
obtain the explicit forms needed for actual implementation. An additional issue is that, for
linear models, Minka & Winn’s equations require the extension of ordinary factor graphs to a
structure that we call derived variable factor graphs. However, this subtlety is not spelt out in
appendix B of Minka & Winn (2008). These comments also apply to the factor graph-based
description of expectation propagation given in section 10.7.2 of Bishop (2006). Gelman
et al. (2014, section 13.8) explains expectation propagation mainly by way of a Bayesian
logistic regression illustrative example. These authors do not use factor graphs, but rather
give explicit expressions that facilitate implementation for this special case. A drawback
is that it is quite difficult to transfer their description of expectation propagation to, say,
Gaussian response linear models and logistic mixed models.

The message passing approach to expectation propagation has the advantage that mes-
sages of particular forms only have to be worked out once and can be re-used in models with
similar components. Indeed, many of the message types arising in the univariate normal model
treated in Kim & Wand (2016) also arise in the generalised, linear and mixed models treated
here and the amount of additional algebra required is relatively small. As explained in Wand
(2017), message passing approaches afford compartmentalisation of the algebra and facilitates
efficient extension to arbitrarily large models. The Infer.NET package exploits this fact.

The models dealt with in this article are supported, essentially, in Infer.NET. Descrip-
tions of the type of code needed to fit linear models and various extensions are included in
Wang & Wand (2011) and Luts et al. (2017), albeit with a few ‘tricks’. However, in these
articles there is an emphasis on Infer.NET’s mean field variational Bayes inference engine
rather than the expectation propagation alternative. Given the existence of Infer.NET, our
main contributions in this paper consist in providing the explicit details for expectation prop-
agation fitting of such models and facilitating extensions beyond capabilities of Infer.NET
or any other software products that support expectation propagation to varying degrees of
sophistication.

We also contribute to the relatively small literature on numerical evaluation of expectation
propagation and comparison with comparable mean field variational Bayes methods. In the
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A.S.I. KIM AND M.P. WAND 71

settings considered, expectation propagation is very accurate and slightly ahead of mean field
variational Bayes in this regard. However, it is much more algebraically and computationally
demanding and the accuracy improvements are not practically significant. Therefore the
overall superiority of expectation propagation is not borne out by our investigations.

In Section 2 we provide the various background definitions and results needed for our
exposition on expectation propagation for generalised, linear and mixed models. Section
3 focusses exclusively on the Gaussian response linear model situation. As we will see,
most of the mechanics of expectation propagation for the linear model can be explained in
this familiar setting. Then we progress through extensions to non-Gaussian responses and
random effects model structures in Sections 4 and 5, which enables handling of generalised
linear mixed models and their various special cases. Section 6 reports on our numerical
investigations into practical implementation and performance of expectation propagation for
linear models and linear mixed models. We close with some discussion, which includes
connections with the career of Peter Hall, in Section 7.

2. Background material

Our description of expectation propagation for generalised, linear, and mixed models
requires various definitions, concepts and results to be laid down. We do so in this section.
2.1. Function definitions

In Kim & Wand (2016) we defined the following non-analytic functions, which are
also needed here:

® xP exp(gx — rx?)dx
AP, q, r,s,t,u):/ f(q )
oo (X Fsx+1)H

1
p=0, ge R,r>0,seR,t>1s2,u>0

o0 \p et —set /(¢ g
and B(P,C],V,s,t,u)z/ X explgx — re* — se* /(t + e*)}dx
—00 (t+e*)H
p=0, qER’r>0’S>OJ>O,u>O.

i}

An additional family of non-analytic functions that we need is:

Co(p,q,r)= / xP exp{gx — rx* —b(x)} dx,

where g€ R, r>0 and b: R— R is any function for which C,(p, g, r) exists. As discussed
in section 2.1 of Kim & Wand (2016), it is advisable to work with the logarithms of these
integrals to avoid overflow and underflow.

The functions G, G'! and G'©? defined in Kim & Wand (2016) are also needed
here. They involve the A and B functions and the inverse of the function log — digamma,
also discussed in Kim & Wand (2016). Otherwise G~, G'°! and G™? are simple, albeit
long-winded, functions with multiple vector arguments. Their definitions are given in section
A.4 of Kim & Wand (2016) and are repeated here for convenience. First we need:
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We are now in a position to give the expressions for GN, G'¢! and G'¢2:
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The Dirac delta function, denoted by 9, is also needed. A basic property of ¢ is

/ J0)o(x—c)dx=f(c) ey
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for any function f : R— R and ¢ € R. Vector arguments of ¢ are also allowed and evaluate
as the product of Dirac delta functions of the components. Explicitly,

5(x1,...,xd)=5(x1)- . -5(xd).

For a d x d matrix A4 we let vec(4) denote the d> x 1 vector obtained by stacking the columns
of 4 underneath each other in order from left to right. For a d*> x 1 vector a we let vec™!(a)
denote the d x d matrix formed by listing the entries of 4 in a column-wise fashion in order
from left to right. Note that vec™! is the usual function inverse when the domain of vec
is restricted to square matrices. In particular, vec™!{vec(4)} =4 for d x d matrices 4 and
vec{vec™!(a)} =a for d? x 1 vectors a. If 5 is a scalar function and « is a vector then s(a)
denotes the vector formed by applying s to each entry of a. The entrywise product of two
equal-sized vectors a and b is denoted by a© b.

2.2. Fundamental normal density function theorem

We now present a theorem that is fundamental to expectation propagation in linear
model settings. It involves the integration of the multivariate normal density function against
a particular Dirac delta function form. Let

1
P, (6, X) = Q2m) /2 x |71/ exp{—7 (x wWE (x—p))

denote the density function of a d-variate N(u, X) random vector. Then we have:

Theorem 1. For all d x 1 vectors £#0 and v € R:

/R PN (i, E) (v—€"x) dx=px, (v p, £"20). (2)

A proof of Theorem 1 is given in the Appendix.

2.3. Factor graphs

A factor graph (Frey et al. 1998) is a graphical representation of the factor/argument
dependencies of a real-valued function. For example, the following function /: R — R:

h(x1, X2, X3, X4, X5) = Sin(x| +Xx2x5)4 /X2 + cos(x3x] ) tanh{cos(x3x])xs} log(|xs| +6)  (3)

is such that the first factor, sin(x; + x,xs), depends on the arguments x;,x, and xs. This
dependence is conveyed in the graph shown in Figure 1 by having an edge between the
white circular nodes for the three arguments and the black rectangular node for the factor.
Similar dependencies are depicted by the edges between other circles and rectangles in
Figure 1. If two nodes on a factor graph have an edge joining them then we say that the
nodes are neighbours of each other.

Note that factor graphs of functions are not unique. For example, if the first factor in
(3) is divided by x3 and the second factor is multiplied by x3 then a different factor graph
arises. The factor graph in Figure 1 corresponds to the fully simplified version of A.
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X4 Xs log(Ixsl+6)
SiN(X+XoXs) X3 tanh{cos(x;x;)xs}
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Figure 1 A factor graph corresponding to the function defined by (3).
X1
SiN(X{+XoXs) y " mtanh(vxs)

X2

.......... X3
Xo+V 6(v—cos(x§xi)) [X4]

Figure 2 A derived variable factor graph representation of (4). The dashed line edges depict fac-
tor/argument dependencies for the factors inside the integral over the derived variable v.

2.3.1. Derived variable adjustment

Note that, courtesy of (1), the function 4 in (3) may be rewritten as follows:
h(x1,x2, %3, X4, X5) =

oo

sin(x; + xaxs) { / VX, + v tanh(vxs)S (v — cos(xgxb)dv} log(|xs| + 6). 4)
In keeping with the nomenclature of Minka & Winn (2008), we call v =cos(x§xZ) a de-
rived variable. The diagram in Figure 2 is a graphical representation of the factor/argument
dependencies of the factors appearing on the right-hand side of (4). The solid line edges
correspond to factors that are outside of the integral over the derived variable v, whereas
those inside the integral have their dependencies depicted as dashed lines. Note that, since
h depends on x3 and x4 only through v, we are grouping these two variables together in one
of the circular nodes.

The graph shown in Figure 2 is not a factor graph in the usual sense because of the
presence of the integral. We will call it a derived variable factor graph. As we will explain
in Section 2.4, derived variable factor graphs are central to expectation propagation in linear
model settings.

2.4. Approximate Bayesian inference via message passing on factor graphs

In this section we are mainly concerned with a very general description of expectation
propagation, but we will also discuss its ‘rival’, mean field variational Bayes. The repre-
sentation of mean field variational Bayes in terms of message passing on factor graphs is
known as variational message passing. Both types of approach are driven by the goal of
minimisation of the Kullback-Leibler divergence between the exact posterior joint density
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function of the model parameters and its approximation. For arbitrary density functions p;
and p, on RY, the Kullback-Leibler divergence of p, from p, is given by

KL(p1llp2) = /R P10 log {p1(x)/pa(x) pdx.

For the remainder of this subsection, we mainly follow the descriptions of expectation
propagation already given in section 3 of Kim & Wand (2016) and variational message
passing given in section 2.5 of Wand (2017). Hence we will be brief. A point of difference,
however, is the extension to derived variable factor graphs.

Of concern is the approximate Bayesian inference for a parameter vector 6 based on
observed data D. Given a partition, {#,...,0,,}, of § we consider approximations to the
posterior density function of interest that have general form

M
p@ID~]] q®).

i=1
Mean field variational Bayes/variational message passing is driven by the goal of minimis-
ing

M
KL( [T a0 |p@1D)
i=1
whereas expectation propagation is driven by minimisation of the reversed Kullback-Leibler
divergence:

KL (po1D)| II 40))). 5)
i=1

As explained in equations (3.3)—(3.4) of Kim & Wand (2016), the joint density function of
the parameter vector and observed data, p(@, D), can be written as a product of N functions,
fi,» 1<j<N. Since each f; is a function of a subset of {#,...,0,}, we can represent the
factor/argument dependencies in p(@,D) as a factor graph. Example generic factor graphs
are given in section 3 of Kim & Wand (2016) and section 2.5 of Wand (2017). Factor
graphs specific to generalised, linear and mixed models are given in Sections 3-5 of this
article. The nodes in the factor graph corresponding to the @; are usually called stochastic
nodes.

Minka (2005) devised iterative schemes for solving the foregoing minimum Kullback-
Leibler divergence problems in terms of messages passed between neighbouring nodes on
the relevant factor graph. A message is a function of the stochastic node that sends or receives
the message. See equations (7)—(9) of Wand (2017) for the messages updates used by mean
field variational Bayes/variational message passing.

The expectation propagation alternative is more delicate. As discussed in Minka (2005)
and section 3 of Kim & Wand (2016), the notion of projection onto exponential family
density functions is required to make the minimisation problem (5) viable. The most com-
mon such projection is onto the family of univariate normal density functions. Here we will
define the concept for the multivariate normal case. If p is a d-variate density function then
the Kullback-Leibler projection of p onto the d-variate normal family, which we denote by
projy[pl, is the N(u*, ¥*) density function where
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82 EXPECTATION PROPAGATION FOR LINEAR MIXED MODELS

u*:/ xp(x)dx and E*:/ (x—u,*)(x—u*)Tp(x)dx.
Rd Rd

In other words, projy [p] is chosen to be the d-variate normal density function with the same
mean vector and covariance matrix as p. For the models treated in this article, the other main
type of projection is that onto the inverse gamma family of density functions. We denote
this type of projection by proj;[p], where p is a univariate density function supported on
the positive half-line, and refer the reader to Result 2 of Kim & Wand (2016) for details.

We now present the message passing updates for expectation propagation. Based on
equation (45) of Minka & Winn (2008), the stochastic node to factor messages are updated
according to

m9[_>f/. (01) <~ H mf}-;—)O;(ai) (6)
j'#i-ieneighbours()
and the factor to stochastic node messages updates are
my_9,(0;) <—

proj | me, —.;(8:) [ f;(@neighbours()) I1 Mg, —1,(0i)d Oncighboursi\ (1) /2 )
ireneighbours(\ (i}

mﬂ,—>}‘j(01)

where Z is the normalizing factor that ensures that the function of @; inside the proj[-] is a
density function. The neighbours(.) function is as defined in Section 3 of Kim & Wand (2016).
The normalizing factor in (7) involves summation if some of the 6 have discrete components.
The proj[-] in (7) denotes Kullback-Leibler projection onto an appropriate exponential family
of density functions. However, in Kim & Wand (2016) illustration was done only via a simple
example in which all of the stochastic nodes were univariate. In the case of linear models, in
which vector parameters are present, some adjustments are necessary to avoid intractable mul-
tivariate integrals. The first one is an intrinsically important convention and is now spelt out:

Convention 1. Derived variable factor graphs are treated as ordinary factor graphs when it
comes to applying the message passing expressions (6) and (7).

In expectation propagation for linear models, derived variable factor graphs are com-
monplace and Convention 1 needs to be adopted in order for the notion of message passing
on a factor graph to make sense. We are not aware of this subtlety being pointed out pre-
viously. Concrete illustrations will be given in the upcoming sections. Also, we are not
aware of any rigorous theoretical underpinning for use of Convention 1 in combination with
(7) and the ramifications for the Kullback-Leibler divergence minimisation problem that
drives expectation propagation. Nevertheless, this is the factor graph version of the approach
described in section 13.8 of Gelman et al. (2014).

The other adjustment, recommended in Minka (2005), is referred to there as damping.
The damping adjustment to (7) of amount € € [0, 1) is

my_.,(0;) <— myg_.,(0;)° x {right-hand side of (MHY—2. ®)

Without damping, corresponding to e =0 in (8), we sometimes found that the expectation
propagation iterations did not converge. In our numerical investigations (Section 6), setting
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¢ to a small positive value such as 0.1 overcame this problem. Upon convergence of all
messages, the expectation propagation-approximate posterior density functions are obtained
using 3.8) of Kim & Wand (2016).

An optional add-on to expectation propagation and mean field variational Bayes is
calculation of an appropriate approximate marginal log-likelihood. Equations (3.9)—(3.11)
of Kim & Wand (2016) give the required formulae for expectation propagation via the factor
graph-based approach described here.

3. Linear models
Consider the linear model
yIB, o> ~N(XB,a°D)
with prior distributions
B~N(0,63I) and o~ Half-Cauchy(A),

where the second of these statements corresponds to ¢ having a prior density function
plo)=2/[An{l + (a/A)z}] for ¢ >0. An equivalent representation of the model is

yIB, 6> ~N(XB, 0D, B~N(0, 61231),
o*|a ~Inverse-Gamma(3, 1/a), ~a~Inverse-Gamma(}, 1/A?).

€))

We use this version from now onwards since it is more amenable to expectation propagation
and mean field variational Bayes approximate inference algorithms. Exact Bayesian inference
for the coefficient vector B involves the posterior density function

pB) [°{ )5 pwIB. c*)p(c*la)d a? } p(a)da
Jre PB) [ SsT pWIB 62)p(a?|a)d 62 } p(a)dad B’

Further calculations reveal that numerical integration over R? is needed to obtain Bayesian
point estimates and credible sets for the entries of 8. Similar problems arise when endeav-
ouring to make exact Bayesian inference for ¢2.

Mean field variational Bayes approximate inference for (9) involves approximation of
the joint posterior density function of the model parameters by

P(Bly)= (10)

p(B, %, aly)~q(B,d* a)

where ¢(B, 0%, a) has a product density form such as

q(B, %, a)=q(B)q(c*)q(a). (11)

Minimisation of KL(g(8)q(c*)q(a)||p(B,u,c*|y)) leads to Algorithm 1 of Luts, Broderick
& Wand (2014).

An alternative approach, which leads to the same approximation produced by Algorithm
1 of Luts, Broderick & Wand (2014), is based on variational message passing (Winn &
Bishop 2005). Section 3.1 of Wand (2017) explains variational message passing steps for (9)
according to product restriction (11). The starting point is the factor graph corresponding to
the following factorisation of the joint density function of all random variables in the model

p.B.0*,.a)=p(B)py|B.c*)p(c”|a)p(a)
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» O = O = O n
P(B) B pylpo?) oF  plila) a pa)

Figure 3 Factor graph corresponding to the model (9) and g-density product restriction (11).

and is shown in Figure 3. As demonstrated in section 3.1 of Wand (2017), each of the
messages and their parameter updates admit simple closed forms. For example, the message
from p(y|B, %) to B is proportional to a multivariate normal density function in 8.

If expectation propagation is applied to the same factor graph (i.e. Figure 3) then (7)
leads to

T
Myy18,09—8(B) <— projy [h(B)/Z] exp {— [vec(gﬂT)} 08— pyiB.c) }

where

—4+nf+1

T
h(B)=exp { {vec({l;ﬂT)] ”ﬂ—)[)(yﬂ,oﬂ)} (BTXTXB —2"XB + |IyllI* — 217§> ,

=9, piB.02) and Z is the normalizing factor. However projy[A(B)/Z] requires compu-
tation of

[ ngag. [ puprap wa [ g8 ncprs. (12)
R* R R

which are each analytically intractable integrals over RY. For moderate values of d quadrature
may be feasible. However, the same applies to exact Bayesian inference via (10), and
therefore there is no apparent advantage of expectation propagation for the Figure 3 factor
graph. Instead, the commonly-used version of expectation propagation works with a different
representation of p(y, 8,02, a) and an appropriate derived variable factor graph. Let

T
X

x;, 1 <i<n,be defined by X=

Sy

and then note that

p(,B.c%,a)=p(B) [1_11 /_ Z 3o —x! B)(2ma®) 1 * exp {‘2(1;2(” -~ oc,-)z} dai] .

x p(a*|a)p(a)

which involves the derived variables «; corresponding to x,-T B, 1 <i<n. The derived variable
factor graph that matches (13) is shown in Figure 4. Note that the product restriction (11)
is still apparent from the Figure 4 factor graph.

The requisite algebra for the messages passed on the Figure 4 factor graph mimics that
given in Kim & Wand (2016) which deals, essentially, with the d =1 special case. Also,
the updates for the messages sent from p(c?|a) and p(a) to their neighbours are exactly the
same as those given in Kim & Wand (2016), so those calculations do not need to be repeated
here.
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So-xiB) M plyslon,6%)
///.---- ----.\\\
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Figure 4 Upper panel: Derived variable factor graph corresponding to the representation of the joint
density function of the model random variables given by (13) in which derived variables o;, 1 <i<n,
have been introduced. Lower panel: The factor graph for application of the expectation propagation
message updates (6) and (7) after adoption of Convention 1. Under this convention, the dashed edges
that join factors and stochastic variables inside the integrals over the o; are treated as ordinary edges.

The main new message types are those passed from the d(x; —x! B) factors. From (1)
and (7)

T
mé(a;—x?ﬂ)eﬂ(ﬂ) =My, 5(x; —x{,s)(x,' B).

Standard matrix manipulations lead to

T
m‘s(“i—xirﬂ)—)ﬁ(ﬁ):exp{ |:VeC(gﬂT):| ”é(a,—x?ﬂ)aﬂ }’

where the message’s natural parameter update is

Xi (ﬂaﬁé(w*x,’ﬁo 1 ] (14)

Mo, —x"gy—>p < l T
vec(xix; )<’7af—>5(m—x,7ﬂ) 5

Here, for 1 <i<n, 1 <j<2, 0y, 50 —x7 Ig))j are the entries of the natural parameters for the
messages passed from the o; to the d(a; —x! B).

Application of (7) again leads to the messages passed from the d(x; —x! B) to the o;
equalling

mé(ai—xlfﬁ)eai(ai) = /R" 5(“1’ _xzzvﬂ)mﬂ—)(s(o(,—x?ﬂ)(ﬂ)dﬂ
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Using Theorem 1 and the mappings between multivariate normal natural and common
parameters given in, for example, equation (S.4) of Wand (2017), we obtain

T
o
mé(a,-fxfﬂ)»a,-(ai) <—¢eXp { [Oﬁéi| né(ocifxfﬂ)»ac,- }’
1

where
X[ Hp T p) / X; g 0T i
né(a,-fxfﬂ)»ac,- A
_%/X?Eﬂe(i(m—xirﬁ)xi
with
1 . -1
Lpoti-xip) < 3 {Vec (("ﬂw(x,-fx,-’ﬁ))z) }
and

Ig— (X" B) < Ep—o(—xT ) ("ﬂ»é(x,-fxm) N

where for 1 <i<n, (nﬁﬁé(“[_xir ,3))1, contains the first d? entries of the natural parameter
vector for the messages passed from B to the 6(o; —x! B) and (Mg b(«,—x7p))2 contains the
remaining (d”)? entries.

After all of the natural parameter updates are distilled, Algorithm 1 emerges. The
notation

a<~b defined to be a<—ea+(1—¢e)b forany 0<e<1

is used to convey damping adjustments of the type given by (8). Note that the natural
parameter updates correspond to message updates on the logarithmic scale.

Algorithm 1.

This is the expectation propagation algorithm for determining the natural parameter
VeCtors 1y, My and 1, of the optimal density functions ¢*(B), ¢* (%) and ¢*(a) for
approximate Bayesian inference in the Gaussian response linear model (9). The natural
parameter updates correspond to the messages passed on the Figure 4 factor graph.

Inputs: X(n x d),p(n x 1); pg(d x 1), Xg(d x d,symmetric and positive definite), A >
0,0<e<1.

Initialise:

For i=1,...,n: assign N5, x7 gy p Moo, —x" p)—o,

Np(yilos,02)—a AN Np(yj0,02)—02 tO values within appropriate parameter space.

X' —3/2

B FB .

np(ﬂ)%ﬂ < [ 1 _1:|’ Npa)y—a <— |: 2}
—3Xg —1/A

Cycle:

SUM{n5@—xp)—p} <— Z} No(0;—x" B)— B

n
SUM{’?p(y\oc,crz)eaz} D Z Np(yilos,62)—a?
i=1

fori=1,...,n:
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N8 5(—x" ) < Npp)—p + SUM{Ns@—x78)— 8} — N5, —x7 )8
Xp o—xTh) < —%{VeC_l((71,3—>5<a,»—x,.7ﬁ))2)}_1

g o7 B) < B o7 )N o0 —xT )1

Noy— (=X B) < MpGilos.oD)—o; > Noy—pGilar,a?) < No(w—xT B)—>a;

No2= p(yi|as,02) < Np(6?)a)— a2 + SUM{np(yla,oz)—)aZ} — Np(yi|ay,02)— 62

No>—p(2la) <— SUM{pia,02) 2 }: Namspa?ia) < Mp(a)—a

fori=1,...,n:
Xi (ﬂaq—)é(oq—xfﬂ)) | ]

T
vec(x;x; )(”aieé(%’—x?ﬁ) 2

&€
No(—xT)—p <

&€

T T
. e |[X s / Xi Zig o] ﬁ)xi]
3= B>

1 T
2 / X; Xg 50— )i

1
£ AN .
Np(yilog,6%)—>0; G No;— p(yiloi,62)s Na2— p(yiloy, a2) > y;
Vi
1
£ Gl .
Np(ilos, o) —02 <— G No2— p(yilai,02)> Ney—p(yilas,o)s | Vi
2
Yi

Npo2a)—a? <— G P (Mo2 pio2ia)s Naspio?lays 3)
Np(c2la)—>a < GIGz(”a»p(az\a)’ N62—p(a2|a)s 1)

until the change in all natural parameter vectors is negligible. 148 <— Npp)—p +
SUM {77(3(a—x7'ﬂ)—>ﬂ}; Ny(o?) <— SUM {np(ylu,oz)eaz} + Np(ala)—a6? 5 Nga) < Np(a2la)—a +
Np(a)—a

4. Generalised linear model extensions

The handling of generalised linear extensions via expectation propagation involves
working with modifications of the Figure 4 factor graph in the neighbourhood of the likelihood
factor. The messages away from the likelihood factor are identical to those in the Gaussian
response case but take different forms around that factor.

For simplicity we will work with canonical one-parameter exponential family generalised
linear models which have general form

pIB)=exply’XB —1"6(XB) +1"c(r)}, B~N(ug. Lp). (15)
The two most prominent cases are logistic regression for which b(x) =log(1 +¢*) and c(x) =0
and Poisson regression where b(x) =e* and c(x) = —log(x!). The factor graph appropriate

for such generalised linear models is shown in Figure 5 and corresponds to the following
representation of the joint distribution of the model random variables:

p.B)=p(B) [H/ O(o —x; B)exp {yio — b(ow) + (i)} d o |. (16)
=177
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d(ctt - X{P) o1 p(y1lo)
7\ u
U/
O—=n

d(an - x-rl;ﬁ) On P(Ynlan)

Figure 5 Derived variable factor graph corresponding to the generalised linear model joint density
function (16). All edges have solid lines to indicate adoption of Convention 1.

The messages passed from the factors p(8) and d(o; —x! B) to their neighbours are
identical to those for the Gaussian response factor graph. The natural parameter updates
given in Algorithm 1 also apply to the generalised linear model extension.

The new factor to stochastic node messages are

Projn (Mg, — p(y o) (0)P il o) / Z]

M py o) (%)

My, )2 (04) = , I<i<n 17)

Introducing the shorthand 7 = 9,, py,j4) and noting that
My i) <— EXPUIS o + 1300,
(17) becomes

proj lexp{(yi + 1o + 0507 — b(a)} /Z]

1<i<n. (18)
exp(rf o + nj30f)

mP(yI'Wi)*Wi(Cxi) =

Using Result 1 of Kim & Wand (2016), routine manipulations show that the numerator of
the right-hand side of (18) equals the normal density function with mean and variance

« Co(Lyi+n5, —n3) _ Gyt —nd)

= and (¢))*= (>
Co(0,yi + 13, — D) Co(0,yi + 15, —n3)
Further straightforward manipulations then lead to
T
%
Mip(y ) — o, (%) = exp{ |:o(.2 :| NpGilos) — }’
where
Np(ilo)— o <_Hb(”a,—>p(y,-|oc,-);yi) (19)

and the function H,, is given by
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C(l,a1+y, —a)/Cp(0,a1 +y, —ay)
Co(2,a1+y, —az) Cp(l,ai+y, —an)’

ar Cp(0,a1+y, —a2) Cy(0,a; +y, —ar)’ aj
i ( |w)?) = ~1/ e

Co(2,a1+y, —az) _ Cy(l,a; 4y, —02)2
C(0,a1+y, —a2)  Cy(0,a; +y, —ar)?
for any a; € R, a; <0 and sy e R.

Each of the other messages required for expectation propagation on the Figure 5 factor
graph are already reflected in the natural parameter updates for the Gaussian response linear
model listed in Algorithm 1. Therefore (19) can be combined with the relevant updates
from Algorithm 1 to list each of the natural parameter updates so as to obtain the explicit
expectation propagation algorithm for these generalised linear model extensions.

4.1. Probit regression

The case of probit regression deserves special mention since the messages passed from
the p(y;|o;)s to the o;s admit closed form expressions, which obviates the need for numerical
integration.

The probit regression alternative to (15) is

P18 =exp [17log {®(2y - DO XB) ], B~Nauy,Zp)

where the entries of y are either 0 or 1, and
—-1/2 1, !
dx)=(2n) exp(—ix ) and D)= o(t)dt
—00

are, respectively, the density function and cumulative distribution function of the N(0, 1)
distribution. For this model, (17) reduces to

projnlexp(n oy + nSoeP)D((2y; — o)/ Z]
exp(n o +n5o?)

My )— 3 (06) = , 1<ign (20)

Projection of the function inside the projy[-] is aided by the following integration results
for general a,b € R:

/00 D(a+ bx)p(x)dx =D (a)’

—x Vb2 1
o0 b a
O(a+b dx =
/_Oox (a+ bx)¢(x)dx \/b2+1¢(\/b2+1> (21)

e’} 2
d 2O(a+b de=0 [ —2 )— ab ( a )
o /mx @+ bpds («/b2+1 \/(b2+1)3¢ Vb2 +1

Results (21) and a good deal of algebra can be used to show that the natural parameter
update arising from (20) is

Np(ilo)— o <—Hprobn(ﬂaﬁp(y,-m,-);yi), I1<i<n,
where the function Hpqpic has the explicit form
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a 1 al(l_zaz) a
Hprobit 5 = +Q2y—- 1 »\/2 2a; — 1 —
e ([az] y) —2a T [ri 0y | T TV aeee =D LJ

with r =2y — a1 /+/2a:(2a; — 1) and {(x) =log{2®(x)} implying that {'(x) = (¢p/D)(x).
Stable computation of {(r) requires some care and use of tailored software such as the
function zeta () in the R package sn (Azzalini 2016) is recommended.

5. Mixed model extensions
First consider the purely random effects model
ylu, 6> ~N(Zu,d*I), u|o> ~N(0,a>I),

1 1

ag la, ~ Inverse-Gamma(E, 1/a.), ac.~ Inverse-Gamma(E, l/Ag), (22)
1 1

03 la, ~ Inverse—Gamma(E, l/a,), a,~ Inverse—Gamma(E, 1 /Ai)

where u is a d" x 1 vector of random coefficients and where Z is an N x d" design matrix.

The most common instance of such a model is the random intercept model for grouped data
where the first line of (22) corresponds to

ind. ind:

YilUi,a; ¥ N(Ui,07), - Ujlay ~

I»Ye

N(©,0,), 1<i<m, 1<j<n;,

u

with y containing the y; and u containing the U;. In this special case, d“ =m (the number of
groups), N =) "_ | n; (the total number of response measurements) and Z =blockdiag, ;,,
1,,. Here 1, denotes the d x 1 vector of ones. However, Z can assume various other forms
as well, and is taken to be a general N x d" matrix throughout this section. Let z/ denote
the ith row of Z, 1 <i<N.

Note that the joint density function of all random variables in the model is

p.u,0l,a., 0., a,) =pla)p(orla)puloDpylu, cp(alla.pla:)
N o0
=plap(o,|a)p(uly,) {H / POl 02)0 (04 — 2] w) dof,}
=17~

x p(c?la.)p(ac),

where the o; derived variables correspond to the z!u. However, expectation propagation
applied to the derived variable factor graph for this representation of p(y, u, og, ae, 05, a,) has
the problem that the message passed from p(u|a2) to u involves d“-dimensional intractable
integrals with forms similar to those of (12). This tractability problem is overcome by working
with

4 oo
p.u, 0, a.,0;,a,) =pla,)p(o,|a,) {H / Pkl o) — ezuwk}
k=177
N o
x{H / pOiloi, ;)5 (oci—z?u)doc,}pwﬂag)p(as), (23)
=177
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Figure 6 Derived variable factor graph corresponding to the representation given in (23) of the joint
density function of all random variables in the Gaussian response pure random effects model (22).

where e; is the d“ x 1 vector with 1 in the kth position and zeroes elsewhere. The corre-
sponding derived variable factor graph is shown in Figure 6.

Each of the messages passed between the nodes on (22) takes a form similar to those given
in Kim & Wand (2016) or earlier sections of the current article. For example, algebraic steps
similar to those given in section A.5.3 of Kim & Wand (2016) lead to the natural parameter
updates of univariate normal messages being

1
”ﬂ(ﬁklrrﬁ)—nh - GN nﬁkep(ﬁk\af)’ 77«:5—>;z(@|ag); 0 s 1 < k < K’
0
and a rejigging of those given section A.5.5 gives
1
IG1 .
Mpiicle) —o2 <— G | N2 piifod)s Mic—pialod)s | 0 | 1<k<K,

0

for the natural parameters of inverse gamma messages.
The final model that we discuss is the Gaussian response linear mixed model

yIB.u,6.~NXB+Zu,c2I), ulo,~N©O,0.D), B~N(ug, Tp),
1 1
og la, ~ Inverse-Gamma(E, 1/a;), a.~ Inverse-Gamma(E, l/Ag), (24)
1 1
05 la, ~ Inverse—Gamma(E, 1/a,), a,~ Inverse-Gamma(E, 1 /Aﬁ).

The joint density function of the random variables in this model may be written

P|)ab paopiciian

A"
x {H/ plig|o)d (ﬁk—e§ﬁ+k {f])@}
k=17~ (25)

N o0
<t po(e-a 2 o)
=177

x p(a?|ac)p(ac)

s oot ={ [ o@o(B -1
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e - p
P(Tilo?) " o(Uic— el [u

ﬁ}) an p(ylan,0?)
u

Figure 7 Derived variable factor graph corresponding to the representation given in (23) of the
joint density function of all random variables in the Gaussian response linear mixed model
(22),

where the ¢; are defined by
of
c=[x7l=|:
o
and now the «; are derived variables corresponding to the

Y lu

e’ V} 1<i<N.

Also, Eys is the (d” +d") x d’ matrix with the d” x d” identity matrix at the top
and zeroes elsewhere. A factor graph for tractable expectation propagation is given in Figure
7.

Most of the messages in Figure 7 are either identical or have forms similar to those
given earlier. The messages that take different forms are

o) 5P o )] g

u
where
-1
) . (Egﬂ ):*@Ed,;> El p®
B (ﬁ—EZ,g {ﬁ])—ﬁ —%Vec({EgﬁEﬁEd/;}fl)

Here

L) Tl
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with

and

u u u u

“e]onlf) 0 2
Also, using the identity vec(4BC) = (CT ® A)vec(B), we have

") ()

u

where

Ear (775 B~E ' ﬁﬁ>
ﬂa(EfE(fﬂVjD”{ﬂ o (Ezs ®Ed/‘)E"O<E [Ei}Eﬂb IE> :
—E u g 2

In the special case of d” =1 the matrix E s reduces to e; and
E;s QE = (e ®ep)vec(l)=vec(e elT

which matches the form exemplified by (14).

Expectation propagation for generalised linear mixed models involves a combination of
the generalised response extensions described in Section 4 and the mixed model extensions
described in this section. For example, expectation propagation fitting and inference for the
Poisson mixed model

vilB, ™ Poisson{exp(XB + Zu)}, ula> ~N(0,6°I), B~N(ug,Ep),

1 1
o’ la~ Inverse-Gamma(E ,1/a), a~ Inverse-Gamma(E ,1 /Az)

involves message passing on a modification of the Figure 7 factor graph for which likelihood
factors resemble those appearing in Figure 5.
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6. Numerical investigations

We implemented expectation propagation schemes for various generalised, linear and
mixed models in the R language (R Core Team 2016). Comparable (semiparametric) mean
field variational Bayes algorithms were also implemented in R. We then ran simulation
studies, each having 100 replications, for four specific models and recorded accuracy values
of the deterministic approximation methods for key model parameters. For a generic univariate
parameter 0, the accuracy of an approximation g(f) to p(6|D) is defined to be

l o0
accuracy:lOO{l—z/ |q(0)—p(0|D)|d6}%

(e.g. Faes, Ormerod & Wand 2011). However, since the exact posterior density function
p(0]D) is not easily computable, we used a binned kernel density estimation approximation
based on 1,000,000 Markov chain Monte Carlo draws from 6|D. All binned kernel density
estimates were obtained using the R function bkde () from the package KernSmooth (Wand
& Ripley 2015) with direct plug-in bandwidth selection via the function dpik ().

6.1. Linear model setting

The linear model setting involved a d =5 version of (9) with data generated according
to the true values

Bre=[-23 1.4 —09 2.1 02]" and op, =1 (26)

true —

The sample size was fixed at n=100. For the design matrix X, the first column was set to
a vector of ones and the remaining columns corresponded to independent random samples
from the Uniform distribution on (0, 1). The hyperparameters were fixed at 63 =A =10, 000.

Expectation propagation approximate inference involved running Algorithm 1. Con-
vergence was deemed to have occurred when the absolute relative change in the natural
parameters of each of the posterior density functions fell below a very small threshold, nom-
inally set to be 10~'°. We also obtained mean field variational Bayes approximate posterior
density functions using Algorithm 1 of Luts, Broderick & Wand (2014), with convergence
based on the relative increase in the approximate marginal log-likelihood falling below 10710

Figure 8 displays approximate posterior density functions of each of the main model
parameters, B =(fo,..., 1) and a2, for the first replication from the simulation study. The
‘exact” Markov chain Monte Carlo-based posterior density functions are also shown as well
as corresponding accuracy values. The expectation propagation and mean field variational
Bayes approximations to the posterior density functions of the fi;s are very accurate in this
example, and cannot be visually distinguished from the ‘exact’ posterior density functions.
The accuracy values are all above 99.5%. There is slight degradation in quality for the
approximation of p(¢?|y) with an 98.5% accuracy for expectation propagation and 98.0%
accuracy for mean field variational Bayes.

Summaries of the accuracy values across the entire 100 replications are shown in Figure
9. In the left panel we focus on the expectation propagation accuracy values whereas the
difference from the mean field variational Bayes accuracy values are summarised in the right
panel.

The left panel of Figure 9 shows that expectation propagation achieves very high
accuracy for estimation of the regression coefficients. The accuracy values for estimation
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Figure 8 Comparison of approximate posterior density functions with their ‘exact’ inference coun-
terparts for the main model parameters in the first replication of the linear model simulation study
described in the text. The approximate posterior density functions are based on expectation propa-
gation (EP) as described by Algorithm 1 and mean field variational Bayes (MFVB) as described by
Algorithm 1 of Luts, Broderick & Wand (2014). The ‘exact’ posterior density functions are kernel
density estimates based on 1,000,000 Markov chain Monte Carlo draws from the relevant posterior
distribution. The accuracy of each approximate posterior density function is also displayed.
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Figure 9 Boxplot summaries for the linear model simulation study described in the text. Left panel:
boxplots of accuracy values of expectation propagation. Right panel: boxplots of the differences
between the expectation propagation (EP) and mean field variational Bayes (MFVB) accuracy values.

of the error variance are lower, but still very good with the median exceeding 98%. The
comparison boxplots on the right panel indicate that expectation propagation has superior
accuracy compared with mean field variational Bayes in terms of statistical significance.
However, the practical significance is quite small with a typical improvement of 0.1% for
the regression coefficients and 0.4% for the error variance.
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6.2. Poisson regression setting

The second part of our numerical investigations involved simulation from the Poisson
regression model

vilB ™ Poisson [exp((XB),}],  B~N©,a3D, 1<i<100.

The true coefficients were generated according to B, as given in (26) and gg was again
set to 10,000.

The expectation propagation approximate density functions were obtained using the
message passing approach described in Section 4 for the generic factor graph depicted in
Figure 5. In the Poisson case b(x) =exp(x) and Cp(p,q,r)=(—1)"T(p, —q,r, 1) where T is
defined in section 2.1 of Wand et al. (2011), which allowed us to use code and computational
advice given in this earlier article.

Ordinary mean field variational Bayes is thwarted by tractability problems for Poisson
response models. As explained in, for example, Tan & Nott (2013) and Luts & Wand (2015)
a semiparametric extension in which the g-density function of § is pre-specified to have a
multivariate normal distribution leads to a closed form updating algorithm and is a special
case of Algorithm 1 of Luts & Wand (2015). Indeed, in this relatively simple model there is
no mean field aspect to the approximation and the approximation to p(#|y) is of the Gaussian
minimum Kullback-Leibler type laid out in, for example, Challis & Barber (2013). Analogous
semiparametric mean field variational Bayes schemes exist for other Bayesian generalised
linear model settings such as logistic regression. The Poisson case has the attraction of
admitting closed form updates.

Figure 10 is the analogue of Figure 9 for the Poisson regression setting. As in the
Gaussian response case, expectation propagation is seen to achieve excellent accuracy for
this setting. Moreover, it is uniformly more accurate than mean field variational Bayes but
only by a very small amount — typically less than 0.1%.

6.3. Linear mixed model setting

We next investigated the efficacy of expectation propagation for the following linear
mixed model:
Vil Bo> Uss B1 62 " N(Bo + Uy + Prxzs 02, Uila? "SN(0,62), 1<i<50, 1<j<5,
ind. 1 1
Po, P1 H'lvd N(O, a?;), a§|a£ ~ Inverse-Gamma(E, 1/a.), az~ Inverse-Gamma(E, l/Ag),

1 1
ai la, ~ Inverse—Gamma(E, 1/a,), a,~ Inverse—Gamma(E, 1/Ai).
The true values in the simulation study were

ﬁoytrue=2.41, ﬁl’truez 189, O-S‘truezo.l and Gu!truez 158

The expectation propagation approximate density functions were obtained using the message
passing approach described in Section 5 for the factor graph depicted in Figure 7. The mean
field variational Bayes analogue is a slight modification of the r=1 version of Algorithm
3 of Ormerod & Wand (2010) to accommodate different priors on the variance parameters.

The accuracy results are summarised in Figure 11. For the fixed effects parameters the
accuracy of expectation propagation is seen to be excellent, but for the variance parameters

© 2018 Australian Statistical Publishing Association Inc.



A.S.I. KIM AND M.P. WAND 97

[an]

5 L :

g oos| -+ = T :

(o)) (o]

g o > 0.15 ° T

5 99.0 © o

= y ® | L

T 985 g g 010 .

g : : 2 D

X o S

[0} o

E 980’ ° ° ?E 005, ° L

[9) L 5]

£ 9751 - g % =

Q o — —1

3 H § 000+ = = =l o oo |
©

Bo B B2 Bs Ba Bo By B2 Bs Ba

Figure 10 Boxplot summaries for the Poisson regression simulation study described in the text. Left
panel: boxplots of accuracy values of expectation propagation. Right panel: boxplots of the differences
between the expectation propagation (EP) and mean field variational Bayes (MFVB) accuracy values.

100 g
1004
% == LEL ;
o)) N
g 99 == > 0.5 % :
[e]
a o
c 98- 3
o o
g ®
8 974 2 00F - ————— = f
5 E ==
5 961 == a
> "’6 °
: [os| ==
5 951 5 -0.5 L
Q —
S == § :
2 2 © 2 2
Bo B o; ol Bo B o o)

Figure 11 Boxplot summaries for the linear mixed model simulation study described in the text. Left
panel: boxplots of accuracy values of expectation propagation. Right panel: boxplots of the differences
between the expectation propagation (EP) and mean field variational Bayes (MFVB) accuracy values.

there is a noticeable degradation in accuracy with accuracy scores between about 94.5%
and 96%. Interestingly, mean field variational Bayes is more accurate for estimation of f
and f3;, but less accurate for estimation of ag and 03. Once again, the differences are not
practically significant.

6.4. Poisson mixed model setting

The final simulation setting involved generalised linear mixed model fitting and inference
via a version of the model:

yilB,u % Poisson lexp{(XB +Zu);}|, 1<i<300, ulo~N(0,0°1)
B ~N(0, 0'/231), o2 |ap ~ Inverse-Gamma(%, 1/a), a~ Inverse-Gamma(%, 1/A%)
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Figure 12 Comparison of approximate Poisson nonparametric regression fits with their ‘exact’ in-
ference counterparts in the first replication of the Poisson mixed model simulation study described
in the text. The solid curves correspond to the pointwise posterior means and the dashed curves
correspond to pointwise 95% credible intervals. The ‘exact’ inference fits are based on 1,000,000
Markov chain Monte Carlo draws. Left panel: the comparison for expectation propagation. Right
panel: the comparison for mean field variational Bayes.
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Figure 13 Boxplot summaries for the Poisson mixed model-based penalised splines simulation study
described the text. The accuracy values correspond to approximate Bayesian inference for f(H;),
1<i<5, where H; is the ith hexile of the predictor variable. Left panel: boxplots of accuracy
values of expectation propagation. Right panel: boxplots of the differences between the expectation
propagation (EP) and mean field variational Bayes (MFVB) accuracy values.

In the interest of variety we chose the design matrices to correspond to mixed model-based
penalised spline fitting (e.g. Ruppert, Wand & Carroll 2009), with

X=[1xilicicn and Z=[z(x;)ligi<n
1<k<K
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where z;(-), 1 <k <K are a suitable spline basis. In our simulation study we used canonical
O’Sullivan splines as described in section 2.1 of Ruppert, Wand & Carroll (2009). We
generated the data according to the Poisson nonparametric regression model

X; s Uniform(0, 1), y; " Poisson{fie(x;)} where fire(x) = exp{2x + cos(4mx)}.

Expectation propagation approximations to the posterior density functions of the model
parameters were obtained using message passing based on a modification of the Figure 7
factor graph, appropriate for the Poisson likelihood. Semiparametric mean field variational
Bayes fitting involved running a special case of Algorithm 1 of Luts & Wand (2015). Figure 12
shows the fitted curves and corresponding pointwise 95% credible sets for the first replication
of the simulation study. For this example there is no visually discernible difference between
the two approximation methods.

To evaluate the performance of expectation propagation we used accuracy values for
estimation of f at the hexiles of the predicator data. Specifically, the parameters of interest
were set to be

fH), 1<i<5,

where H; is the ith sample hexile of the x;s. The results of this evaluation are displayed
graphically in Figure 13. Once again, expectation propagation is very accurate and slightly
ahead of mean field variational Bayes in this metric.

7. Concluding discussion

We have provided full algorithmic prescriptions for implementation of expectation
propagation in generalised, linear and mixed model settings. The factor graph/message pass-
ing approach is shown to facilitate extensions to larger models with minimal algebraic
overhead. Such an approach is used by the Infer.NET software package. For mean field
variational Bayes/variational message passing, Wand (2017) introduced the notion of factor
graph fragments to organise and streamline the required algebra and computing and cata-
logued important fragments for semiparametric regression. The fragment idea also applies
to expectation propagation and similar cataloguing could be done for generalised, linear and
mixed models, based on the formulae developed in this article.

Despite the elegance of expectation propagation, we have not been able to find any
compelling reasons for its adoption in generalised, linear and mixed models given that its
accuracy is very similar to that of (semiparametric) mean field variational Bayes but at the
cost of much more complicated algebra and computing. Our numerical studies are necessarily
limited and we would welcome further investigations on this issue.

Lastly, we discuss some connections with the research of Peter Hall, to whom this
special issue of the Australian and New Zealand Journal of Statistics is dedicated. Second
author Wand worked with Hall over a period of almost 30 years starting with Hall supervising
Wand’s Ph.D. thesis at the Australian National University in the period 1986-1988. First
author Kim is a Ph.D. student of Wand, and therefore a ‘grandstudent’ of Hall. In 2008, after
a long intermission, Hall and Wand recommenced their research collaborations in response to
Wand’s interest in deterministic approximate inference methodology. In contrast to the present
article on approximate Bayesian inference our work focussed on the frequentist statistical
properties of deterministic approximations, with non-Bayesian mixed models being the main
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vehicle for our theoretical exploits. Two publications resulted: Hall, Ormerod & Wand (2011)
and Hall et al. (2011). A third project, concerned with frequentist theory for expectation
propagation, was commenced in 2011 but was not completed before the loss of Hall’s unique
theoretical prowess. Nevertheless, efforts are being made to bring this work to fruition.
Our 2008-2013 collaborations on deterministic approximate inference are emblematic
of Hall’s astonishing theoretical talent, his willingness to help fellow researchers and to move
into different areas. When Wand pitched his variational inference problem to Hall in September
2008 Hall had barely worked in this area. Within weeks Hall had produced several pages
of theory of a quality sufficient for an eventual Statistica Sinica publication. A similar story
applies to an article which was published in The Annals of Statistics in the same year. Peter
had the rare ability to make such novel and profound theoretical contributions very quickly,
despite his many other commitments and projects. Author Wand is extremely fortunate and
grateful to have had such a talented and generous mentor, supporter, collaborator and friend.
Appendix

Proof of Theorem 1: Throughout this proof we let
$x)=m) " 2™ =py,(x;0, 1),

the standard normal density function. Our proof relies on the following easy-to-derive
lemma:

Lemma 1. For real numbers a#0, b and c,

|a|—/ </><x>¢( )dx—(a +5) l/z‘p(mszzw)

Via the change of variable z=X""2(x — u) the left-hand side of (2) becomes
1 d
/ Q)" exp (—sz> Sv—tTp— ZTZl/zz)dz=/ H P(z)0 (vT — (ET)Tz)dz
R 2 R =l :

where z; is the jth entry of z,

vVi=v—¢Tp and ¢F=X!%g.

Since X!/? is invertible, £ #0. Therefore at least one entry of ¢" is non-zero and, without
loss of generality, we can re-order the entries of Al :(6?,...,@) and z=(z,...,24) in

/H¢(Z;)5V —(ET)T dz= / H¢(Z])/ d(z1)o | v —ZE z | dzy -

so that ET #0. Using the change of variable u = —ZTzl, the innermost integral becomes

o0 u d ) S gy
|mil/ ¢ (r) ofu— fozy—v‘ du=1011""¢ M%Tf
AN = .

1 1
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which leads to

d
/ [T b@oe’ — €2z
R¢ jin

d 00 i + d i
ti= bz —0" =35 547)
= /R el / ) | e L
Jj=3 —%0 1

d Loy -12 S iy vt
= i 2 2 L .
= /[R J]=3l o) {€P+@r} o )

where Lemma 1 has been used to evaluate the integral with respect to z,. Repeated use of
Lemma 1 for the remaining integrals leads to

v%
{(61)2 +... +(£2)2}1/2
={(eHTE Py (v /e ey ?)
=22 P((v = ) /(" EO?)

d . . P P —-1/2
| TL 000" =@ ads={e++ e} o
j=1

which gives the required result.
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