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1 | INTRODUCTION

We derive simple and usable theorems concerning the exact leading term behaviour of likelihood-
based generalized linear mixed model estimators and D-optimality criteria. The theorems allow
for straightforward construction of asymptotically valid confidence intervals, Wald hypothesis
tests and locally D-optimal designs. The main theorem concerns the joint asymptotic normality
of all model parameters and elegantly shows faster rates of convergence of fixed effects that are
not accompanied by a random effect compared with fixed effects that have a partnering random
effect. Maximum likelihood estimation of random effects covariance matrix parameters are also
included in our results.

Since the early 1990s, generalized linear mixed models have been a mainstay of regression-
type statistical analyses in areas such as longitudinal data analysis, multilevel modelling, panel
data analysis and small area estimation. Overviews of generalized linear mixed models, and

J R Stat Soc Series B. 2022;84:55-82. wileyonlinelibrary.com/journal/rssb © 2021 Royal Statistical Society | 55


www.wileyonlinelibrary.com/journal/rssb
http://orcid.org/0000-0001-6364-4717
mailto:﻿
http://orcid.org/0000-0003-2555-896X
http://orcid.org/0000-0002-7627-8012
mailto:matt.wand@uts.edu.au

56 | JIANG ET AL.

access to their large literature that includes methodology, theoretical results and software, are
provided by books such as Faraway (2016), Jiang (2017), McCulloch et al. (2008) and Stroup
(2013). Both frequentist and Bayesian approaches are common throughout the generalized
linear mixed models literature. In this article, we focus on maximum likelihood estimation and
frequentist inference. Our results allow for the quasi-likelihood extension for which a disper-
sion parameter is present.

Despite the large volume of research concerning generalized linear mixed models, there is very
little theory concerning the statistical properties of maximum likelihood estimators. Nie (2007) con-
tains some asymptotic normality results for the setting considered in this article, but they do not
have a ready-to-use form for practical tasks such as obtaining studentized confidence intervals and
optimal design determination. For example, Theorem 3 of Nie (2007) is such that the asymptotic
covariance matrix of the fixed effects involves limits and expectations over the response distribu-
tion. In contrast, our Theorem 1 in Section 3 is such that the asymptotic covariance matrix is devoid
of limits and involves expectation over the random effects distribution. As we explain in Section 4,
studentization based on Theorem 1 is often quite simple for the construction of confidence intervals
and carrying out Wald hypothesis tests. For the design setting, Theorem 2 in Section 5 facilitates ap-
proximate locally D-optimal design determination in a simpler and more direct manner compared
with proposals given in, for example, Waite and Woods (2015) and Zhang et al. (2017).

Key aspects of our approach to obtain precise asymptotics for generalized linear mixed models
include: allowing both the number of groups and the within-group sample sizes to diverge, use of
multi-term Laplace’s method expansions for the ratios of sample size-dependent integrals as given
in Tierney et al. (1989) and Miyata (2004), working with population limits of predictor-dependent
sample mean quantities and establishing matrix norm asymptotic negligibility between matrix
square roots of asymptotic inverse Fisher information matrices and simpler block diagonal forms.

Section 2 lays out the class of generalized linear mixed models treated in our theoretical analy-
sis. The main result, Theorem 1, concerning usable asymptotic normality of maximum likelihood
estimators, is given in Section 3. In Section 4, we explain how Theorem 1 aids practical and as-
ymptotically valid statistical inference in generalized linear mixed model analysis and investigate
finite sample performance via a simulation study. Section 5 is concerned with the design conse-
quences of our theory, and evidence of practical D-optimal design construction is provided. In
Section 6, we briefly discuss ramifications for the Gaussian variational approximation approach
to generalized linear mixed model analysis in the light of our main theorem. Some concluding
remarks are given in Section 7. The proofs are in appendices.

2 | MODEL DESCRIPTION AND MAXIMUM
LIKELTHOOD ESTIMATION

Consider the class of one-parameter exponential family of density, or probability mass, functions
with generic form

p;m) =exp{yn—b(n)+c®)} () €8]

where # is the natural parameter. Common examples include the Bernoulli probability mass func-
tion for which b(x) = log(1 + €*), ¢(x) = 0 and h(x) = I(x € {0,1}) and the Poisson probability mass
function for which b(x) = €%, c(x) = —log(x!) and h(x) = I(x € {0} UN). Here I(P) = 1 if the con-
dition P is true and I(P) =0 if P is false. If the random variable Y has density function (1) then
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E(Y)=b'(n) and Var (Y) = b”(5). A common modelling extension, usually to account for overdis-
persion, is Var (Y) = ¢ b"'(n) where ¢ > 0 is a dispersion parameter. This involves replacement of
log{p(y;n)} by a quasi-likelihood function

{yn—=bm)+c(y)}/d+d(y, ¢) (2)

where d(y, ¢) is a function of y and ¢ only. Note that ¢ is fixed at 1 for ordinary Binomial and Poisson
response models. For the Gaussian and Gamma response models, (2) corresponds to log{p(y;#, ¢)}
for a two-parameter density function p(y;s, ¢) and ordinary likelihood applies. We study generalized
linear mixed models of the form, for observations of the random triples (X Al-j,X Bij» Yij), 1<i<m,
1<j<n,;

Y;i1X ajj» X gjj» U; independent having quasi-likelihood function (2) with
natural parameter (ﬁOA +U)’x Ajt (ﬂ%)TX pj such that the U; are 3)
independent N(0,X°) random vectors.

The U; are dy X 1 unobserved random effects vectors. The X »;; are dp X 1 random vectors corre-

sponding to predictors that are partnered by a random effect. The Xy;; are dg X 1random vectors are
T T \T

predictors that have a fixed effect only. Let X ; = (X Al X5 y) denote the combined predictor vectors.

We assume that the X;;and U, for1l <i < mand1 <j < n; are totally independent, with the X;;each

having the same dlstrlbutlon as the (d, + dg) x 1 random vector X = (X1, X T)T and the U; each

having the same distribution as the random vector U.

For any B, (ds X 1), B (dg X 1) and X (d, X d,) that is symmetric and positive definite and
conditional on the X; data, the quasi-likelihood is

m n

£BaBoD) = 3 X UYy(BRX py+ BpXy)+e(Yy)) /¢ +d(Yy, $)) - Tlog|2n |

i=1 j=1

+ Zlo I[Rd exp lz{ it XAL] (ﬁA+u)TXAg+ﬁBXBg)}/¢——uTZ u| du.

The maximum quasi-likelihood estimator of (8%, B3, £°) is

(EA’ 313’ )= argmax Z(B,, By, X).

BaPp.E

Despite the ubiquity of model (3) and availability of established software such as the function
glmer () in the package Ime4 (Bates et al., 2015) within the R computing environment (R Core
Team, 2020), asymptotic normality results that lend themselves to confidence interval construction
and Wald hypothesis tests via studentization are not present in the existing generalized linear mixed
model literature. We address this issue in the next section.

3 | ASYMPTOTIC NORMALITY THEOREM

The main theoretical contribution of this article is an asymptotic normality theorem for the max-
imum quasi-likelihood estimators. Define
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n; = average of the within—group sample sizes,

S

1l
g
D \ok

X\ X\ X\ X}
XpX, XpX|

d

-1 -1
Ap = (E [{ lower right dy xdy block of€2, (U) | ]) .

Q; (U)=E {b" ((B+U)' X, + (B X5) l

and
B

Let||v|| = (wTv)!/2denote the Euclidean norm of a column vector v. For a symmetric matrix M, let
Amin(M) denote the smallest eigenvalue of M. Also, let D;denote the matrix of zeroes and ones such
that D vech(A) = vec(A) for all d X d symmetric matrices A. The Moore-Penrose inverse of D is
D! =(D]Dy)'D}.

The theorem relies on the following assumptions:

(A1) The number of groups m diverges to co.

(A2) The within-group sample sizes n; diverge to oo in such a way that n;/n — C; for con-
stants 0 < C; < o0, 1 <i<m. Also, n/m — 0 as m and n diverge.

(A3) The distribution of X is such that

E [max{l, 1X11}® max {1,b" ((ﬂA‘*‘U)TXA"'ﬁ]gXB)}Z IU]
B <

e}

. 2
min {1, Ayin (E{X, XL D" ((BA+ U)X, +B5X3) 1U})}
for all B, € R%, By € R% and ¥ a d, xd, symmetric and positive definite matrix.

Theorem 1 Assume that conditions (A1)-(A3) hold. Then

Ba— B o|[= o 0
A 0 D
Vim| Vi (Be-83) |—N|[o || 0 ¢, o
vech(2-2°) 0|0 O 2D;A(ZO®EO)Dd+I

Some remarks concerning Theorem 1 are:

1. The asymptotic variances of estimators of fixed effects that are not partnered by random
effects have order (mn)~!, which are superior to the order m~! asymptotic variances of
estimators of fixed effects that are attached to random effects. The random effects vari-
ance and covariance parameters also have order m~! asymptotic variances. For the d, =1
case, usually corresponding to random intercept models, results of this type are given in
Nie (2007) and, in the Gaussian case, follow from results such as (3.60) and (3.61) of
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McCulloch et al. (2008). In the literature to date, we are not aware of such results at
Theorem 1’s multivariate 3A level of generality. We are also not aware of other results
for generalized linear mixed models that provide the precise leading term and joint be-
haviour of all maximum likelihood estimators under (A1)-(A2) asymptotics.

2. Asymptotic orthogonality between f,, g and X is apparent from Theorem 1.

3. Results in the existing literature, such as Theorem 3 of Nie (2007) and equation (6) of Waite
and Woods (2015) involve expectations over the response distribution in their Fisher informa-
tion approximations. In contrast, the matrix Az involves expectation over the simpler random
effects distribution. This simplification is due to careful asymptotic analysis of the response
distribution expectations in the derivation of Theorem 1.

4. Theorem 1 treats the dispersion parameter ¢ as fixed. For the Gaussian and Gamma response
cases, all parameters in (3), including ¢, can be estimated using ordinary maximum likeli-
hood. Exact orthogonality between ¢ and (B, fg) and asymptotic orthogonality between
¢ and X means that the asymptotic covariance matrices of Theorem 1 still hold for ﬁ As ﬁB
and £. The extension of The%rem 1 for maximum likelihood estimation of ¢° involves the
addition of \/ﬁ 3)— ¢02 —N (0, v(¢0)) where v(x) =2x? for Gaussian responses and
v(x) = x*/{ trigamma (1/x) — x} for Gamma responses; with details given in Bhaskaran
(2022). For the quasi-likelihood extension of the Binomial and Poisson response cases, ¢ can-
not be estimated via maximum quasi-likelihood and, typically, is estimated via a method of
moments approach following the quasi-likelihood estimation phase. The values of the maxi-
mum quasi-likelihood estimates of ,, B and X do not depend on ¢. Hence, Theorem 1 is
unaffected by estimation of ¢ for these response cases too.

4 | ASYMPTOTICALLY VALID INFERENCE

The asymptotic normality results for maximum quasi-likelihood estimators given in Theorem 1
also hold when the quantities appearing in the asymptotic variances are replaced by consistent
estimators. This process is often referred to as studentization. Since, for ﬁ A and S, the asymptotic
covariance matrices only involve X°, studentization simply involves its replacement with T and
we have the asymptotic normality results

VmE ™ (Ba-p2) > N@.1) and
Vmi2D}, E@EIDET )™ vech(E~E£%) > N(0,I).

If 8,2@ 1 <k < d,, denotes the kth diagonal entry of $ then it follows that the intervals

~2 A2
3 -1 1 Ok A2 o1 1 25 4
Boess (1-20) Y2 ana e (1-1a) 202

m m

where @ is the N(0, 1) cumulative distribution function, are asymptotically valid 100(1 — &) % confi-
dence intervals for the kth entry of ﬁOA and the (k, k) entry of Z°, respectively.

Practical asymptotically valid inference for the entries of ﬂ% is more intricate. Studentization
of the Theorem 1 results for ﬂ% leads to the following 100(1 — «) % confidence interval for the kth
entry of B9 (1 <k < dp):
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Br)+ @ (1_%0[) %, (5)

Here (K B )k is the (k, k) entry of

~ ~ ~ -1

Ag = [|27r2|‘1/2J ) {lower right dp xdp block of Q, ()~ }
RIA (6)

s ]

xexp( 2u z u) du

where, for eachu € R%,

m n; T T

~ 1 ~ AT XX i XaiX g
Q, (u)=— b” ((/3 +u)X i+ B X ) JAY vl

B A Aljj B“*Bij T T

B mn gf ]; XpiXp; XX

In (6) integration is applied element-wise to each entry of the matrix inside the integral. In some
circumstances, the integrals in (6) can be evaluated exactly. The most obvious case is the Gaussian
response situation for which b”(x) = 1, implying that 0 p, (W) is constant as a function of u. A less ob-
vious one is Poisson random intercept models for which b”(x) = ¥, X, = 1and f, set to the scalar
fixed effects intercept parameter f,. In this special case,

Ay, = lower right dg xdp block of

1 4 & 1 T 1 xT -
~ 1. A i

— ex < +=6"+p, X ) J .

{mnz 2 e (Bo+ 55"+ By Xy lXBU XX g

i=1 j=1

In more general cases, numerical integration is required to evaluate the entries of A B, Investigations
for the logistic and Poisson cases have revealed that the integrands are well behaved with exponen-
tiated quadratic decaying tails. In the d, = 1 case, we found that the simple strategy of a line search
for each integrand’s effective support and then application of either trapezoidal integration or the
R function integrate () provided effective and stable solutions. This strategy was used in the
logistic mixed model simulation study described in the next paragraph. The study entailed 100,000
numerical integrations of this type and all of them were achieved in a stable manner. The relevant R
functions are available in the supplementary material.

We ran a simulation study to assess the efficacy of Theorem 1-based confidence intervals for
the d, = dy = 1logistic mixed model with ¢ = 1. In this case, f,, B and X are replaced by the sca-
lar parameter symbols fy, f and 2. The true parameter vector (B, B3, (6*)°) varied over the set

{(0.2, —0.1,0.25),(—0.3,1.2,0.6), (1.6,0.2,0.7),(0.15, — 0.5,1),(—1.3,0.1,0.8)}

and the distribution of the Xj; was taken to be either N(0, 1) or Uniform (-1, 1), the uniform distri-
bution over the interval (— 1, 1). The number of groups m varied over the set {100, 200, ..., 1000} and
the sample size within each group was n fixed at m/10. For each of the possible combinations of the
true parameter vector, the Xj; distribution and the sample size pair, we simulated 1, 000 replications.
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For each sample, the maximum likelihood estimates of ﬂg, ﬂ% and (o%)° were obtained using the
function glmer () in the R package Ime4 (Bates et al., 2015). Using these estimates, we computed
95% confidence intervals based on (5) with @ = 0.05. For comparison, the 95% confidence interval
based on the exact observed Fisher information, as provided by glmer (), was also computed.

Figure 1 shows the actual coverage percentages for the advertized 95% confidence inter-
vals. It is seen that the two approaches give almost identical coverage percentages for all
one hundred truth, response distribution and sample size combinations. This is suggestive
of (Kﬂs)ll /(mn) providing a very good approximation to the variance of /ﬁB that arises from
the exact observed Fisher information, and subsequent investigations show this to be the
case. In this logistic case, the numerical integration is simpler for the approach involving
Theorem 1 and studentization. As mentioned above, the Poisson case requires no numerical
integration.

Inspection of Figure 2 reveals that, for inference concerning ﬁg, the very simple confidence
interval given by the first expression in (4) performs well when m is above about 500. For lower
m, the order leading term asymptotics, involving the order m~! asymptotic variance, are seen to
be rather crude. Of course, the exact observed Fisher information approach leads to better cov-
erage. However, if m is in the several hundreds or thousands then the closed form confidence
interval arising from Theorem 1 and studentization is an attractive alternative to the numerical
integration-based exact approach. For d, > 1, multivariate numerical integration is needed for
the exact approach whereas the studentized alternative is trivial. Theorem 1 provides the analyst
with this quicker and simpler option for large m.

An interesting problem for future research is the development of second-order asymptotics
for quantification of the variability of ﬁB and facilitating more accurate studentization. For the
Gaussian response d, = dp =1 case, equation (3.60) of McCulloch et al. (2008) indicates that
the asymptotic variance of /ﬂ\o is m~1(X%),, + (mn)"'K {1 + 0p(1)} where K > 0 depends on ¢ and
moments of the predictor distribution. Therefore, assuming that such behaviour also holds for
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FIGURE 1 Actual coverage percentage of nominally 95% confidence intervals for ﬂg inad, = dy = 1logistic
mixed model. The confidence intervals are obtained using the exact observed Fisher information computations
provided by the function glmer () in the R package Ime4 (dashed lines) and Theorem 1 with studentization
according to (5) (solid lines). The nominal percentage is shown as a thick grey horizontal line. The percentages
are based on 1000 replications. The values of m are 100, 200, ..., 1000. The value of n is fixed at m/10.
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FIGURE 2 Actual coverage percentage of nominally 95% confidence intervals for ﬁg inad, = dy = 1logistic
mixed model. The confidence intervals are obtained using the exact observed Fisher information computations
provided by the function glmer () in the R package Ime4 (dashed lines) and Theorem 1 with studentization
according to (5) (solid lines). The nominal percentage is shown as a thick grey horizontal line. The percentages
are based on 1000 replications. The values of m are 100, 200, ..., 1000. The value of n is fixed at m/10.

generalized responses, the simple studentization used in (4) under-approximates the variability
of ﬁo and explains the lower empirical coverage values manifest in Figure 2.

In this section, we have focussed on asymptotically valid inference based on confidence inter-
vals. Similar discussion applies to Wald hypothesis tests concerning the model parameters.

5 | APPROXIMATE OPTIMAL DESIGN

Theorem 1 and its derivation involve large sample expressions for the Fisher information for the
class of generalized linear mixed models defined in Section 2. Here we explain how the same
type of approximation applies to the design setting. The analogous large sample approximation
of the Fisher information has a tractable form which allows for approximate locally optimal de-
sign determination. We restrict attention to D-optimality, which corresponds to maximizing the
determinant of the Fisher information, and to optimal design for random intercept generalized
linear mixed models. Also, we only consider designed experiments for which large sample sizes
are feasible. Common practical situations, such as resource-driven restrictions to incomplete
designs, are not covered by our theory. Throughout this section, we follow the nomenclature of
Russell (2018)’s Chapter 3 on optimal design theory.

In Sections 2-4, we assumed that the data have been observed according to model (3). In
this section, model (3) applies with dy =1, B, = fyand Z = o2, but the data are yet to be ob-
served. The unique values of the predictor variables is a finite set of points in R denoted by
Xy, ...,X, and labelled the support points. Let n; denote the number of observations made at
x; and then let §;, =n;/(n; + ... + n;) be the proportion of the data placed at support point
x;. The 6, are known as the design weights. Let X C R% denote the set to which the support
points are restricted. For example, if dg = 2 with the first predictor being binary and the sec-
ond predictor being a proportion then X = {(x;,x,):x; € {0,1}, 0 <x, <1}. In non-Gaussian
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generalized response regression models, the Fisher information matrix depends on model pa-
rameters and designs that maximize its determinant for fixed values of the parameters are
labelled locally D-optimal designs.

Define

n=

v | =

N
Z n;, = average of the support point replication sizes within each group.
k=1

The theorem involves the following assumption:

(A4) The design sample sizes n; diverge to oo in such a way that n; /(sn) — §;, for constants
0<é6,<L1<k<s.

Theorem 2 Consider the d, =1 random intercept generalized linear mixed model with design
weights 8, and corresponding support points x, € X C R, 1 <k <s. Assume that condi-
tion (A4) holds. Then, based on the exact leading term behaviour of the determinant of the
Fisher information matrix, approximate locally D-optimal designs at the parameter vector
(Bo, By, 02) are those for which

o s T -1
1
[ lower right dg xdp block 0f< E 5cb"(By+ ﬂgxk +u) l X ] ) @

-0 k=1 Xk xkxg
xexp{—u®/(26%)} du
is maximal over {8,:6; >0, Y3_ 6, =1, 1<k <s}and{x, € X:1<k <s}.
We have the following remarks about Theorem 2:

1. For Poisson mixed models b”(x) =exp(x) and Theorem 2 simplifies considerably. The
D-optimality criterion reduces to

s T
Y spexp(Blxy) l ! ka]
k=1

Xk xkxk

/ Z 5kexp(ﬂ1€xk).

k=1

The numerator of this quantity is the approximate locally D-optimality criterion for Poisson
regression models (e.g. equation (5.4) of Russell (2018)). Moreover, as in the generalized linear
model situation, approximate locally D-optimal designs for Poisson mixed models only are not
impacted by , or 62 and only depend on B,

2. In the case of logistic mixed models b”'(x) = 1/[2{1 + cosh(x)}] and there is no further simpli-
fication of (7). Hence, approximate locally D-optimal designs depend on each of ,, Bz and 2.
Even though (7) does not admit an explicit form for the logistic case, each of the entries of the
approximate Fisher information matrix can be computed using univariate numerical integra-
tion. An illustration is given later in this section.
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3. Waite and Woods (2015) and Zhang et al.(2017) are examples of recent articles that consider
D-optimality for classes of generalized linear mixed models similar to those considered here.
However, they use approximations to the Fisher information matrix based on paradigms such
as generalized estimating equations and Laplace’s method. In contrast, (7) is based on the
precise leading term behaviour of the Fisher information matrix.

4. With succinctness in mind, we have restricted our theory and discussion to D-optimality.
Other optimality criteria, such as A-optimality, also benefit from our precise asymptotics for
generalized linear mixed models.

5. Whilst this article is concerned chiefly with situations where the response variables are non-
Gaussian, it should be mentioned briefly that for the Gaussian special case b”’(x) = 1 and the
determinant in Theorem 2 is proportional to

s T

1 x
E 5kl "T] .
k=1

Xk xkxk

(8)

Since it does not depend on any model parameters, designs that (8) maximize are globally
D-optimal.

6. Approximate locally D-optimal designs for the d, > 1 extension is an interesting challenge
that is not met by the theory presented here. A case in point is dy =2 and dg =0, so
that the only non-intercept predictor has both a fixed effect and random effect. The lead-
ing term of the Fisher information matrix is a function of X only. Therefore second-order
Fisher information asymptotic behaviour, not covered by theory given here, is required
for approximate locally D-optimal design.

To illustrate use of Theorem 2, consider the case where dy = 2 and both predictors are binary.
In this case, the only possible support points are x; € {(0,0),(0,1),(1,0),(1,1)} and the number
of support points is at most s = 4. Therefore, we only need to maximize (7) over the design weights.
Figure 3 shows the approximate locally D-optimal designs for the situation where g, = — 0.3,
By = (1.7,2.1) and the values of ¢ are a geometric sequence of length six between ¢ = 0.6 and o = 2.
To obtain Figure 3 we used code in the R language (R Core Team, 2020), similar to that provided in
Section 4.5 of Russell (2018), based on the function optim () and Nelder-Mead searches with 100
random initial values. The results were insensitive to the initial value choices.

We see from Figure 3 that for the two lowest values of ¢ the optimal designs have only three
support points, with (1, 1) excluded from the design. As ¢ increases, the design weight for (1, 1)
becomes positive and larger and is 0.159 when ¢ = 2.

6 | RAMIFICATIONS FOR GAUSSIAN
VARIATIONAL APPROXIMATION

The Gaussian variational approximation approach to fitting and inference for generalized linear
mixed models was proposed and developed by Ormerod and Wand (2012). Extensions to related
models have been developed by, for example, Hui et al. (2017) and Jeon et al. (2017). The gist
of the Gaussian variational approach is to replace the log-likelihood by a Gaussian-type lower
bound containing so-called variational parameters. The lower bound has tractability advantages
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FIGURE 3 Approximate locally D-optimal designs for logistic mixed models with two binary predictors
when f, = — 0.3, Bz = [1.7 2.1]” and the values of ¢ are a geometric sequence of length six between ¢ = 0.6
ando = 2.

over the exact log-likelihood and, in some sense, replaces difficult numerical integration prob-
lems by enlarged optimization problems.

Hall et al. (2011) provided a deep theoretical analysis of the statistical properties of Gaussian
variational approximation. Focussing on the d, = dg = 1 Poisson response special case of (3),
which is devoid of the need for numerical integration, they derived the precise asymptotic dis-
tributional behaviour of the Gaussian variational approximation estimators of the model pa-
rameters, and this is summarized in their Theorem 3.1. However, comparison of these results
with those of Theorem 1 reveals that, at least in the d, = dz =1 Poisson case, the asymptotic
variances of Gaussian variational approximation match those of maximum likelihood and the
simpler approach is asymptotically fully efficient. The full efficiency claim was not made in Hall
et al. (2011) since the results in the current article were not known at the time. In the light of this
article’s Theorem 1, and Theorem 3.1 of Hall et al. (2011), it is conjectured that Gaussian varia-
tional approximation delivers asymptotic fully efficient inference for a wide range of generalized
response settings. Other variational inference approaches, such as mean field variational Bayes,
are susceptible to under-approximation of the variability of parameter estimates (e.g. Wang and
Titterington (2005)). It appears that Gaussian variational approximation does not suffer from this
drawback for the class of models considered here.

7 | CONCLUDING REMARKS

Since the emergence of generalized linear mixed models about 30 years ago as a major vehi-
cle for analysis of grouped data with non-Gaussian responses, the asymptotic properties of
maximum likelihood estimators has received relatively little attention. Our main theorem pro-
vides the definitive, interpretable and usable state of affairs concerning the joint large sample
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behaviour of the maximum likelihood estimators of all model parameters. The adaptation of
our theory to the design context leads to a second theorem that is demonstrably usable for con-
struction of precise leading term-based approximate locally D-optimal designs for generalized
linear mixed models. Bhaskaran (2022) provides further details and extensions of the results
presented here.
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APPENDIX A. PROOF OF THEOREM

A.1. Notation and preliminary results

For a generic dx1 vector v, we define v® =1, v® =v and v® =w!. We also
let diag (v) denote the dxd diagonal matrix with the entries of v along the diago-
nal. For a matrix M, let |M|p = {tr (M TM)}1/2 denote the Frobenius norm of M and
IM||g = {largest eigenvalue of MT M }'/2 denote the spectral norm of M.

For f a smooth real-valued function of the d-variate argument x = (x,, ...,X,), let Vf(x) de-
note the d x 1 vector with ith entry df(x)/dx;, V2f(x) denote the d x d matrix with (i, j) entry
0*f(x) /(0x;0x;) and V3f(x) denote the d x d x d array with (i, j, k) entry 3>f(x) /(0x;0x;0x;.). Then
the multivariate extension of (2.6) of Tierney, Kass and Kadane (1989), and which follows from
results in Appendix A of Miyata (2004), for smooth real-valued d-variate functions g, c and h, is

[rag@)c(x)exp{—nh(x)} dx V()T {V2h(x*)} "1 Ve(x*)

=g(x")+
JRdc(x)eXp{z—nh(x)_}lng . nc(x*_)l (A1)
+ tr [{V h(xz)n} Vgl Vex*)T{V Zix )} T alx )+O(n'2)

where x* is the argument that minimizes h(x) and a(x) is the d X 1 vector having kth entry equal to
tr [{V2h(x)} 1 V2h(x)| and V3h(x)), is the d x d matrix with (i, j) entry equal to the (i, j, k) entry
of V3h(x).

Next define,

;i
Oai = Z{Yij b ((Ba+ Ui)TXAij + ﬂgXBij) X aijs
=

and
;i
Hani= 20" ((Ba+UD Xy + BiXpy) XayX ny

Jj=1
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Define Gg; to be the same as Q A but with X ,; replaced by Xp;;. Also, define HABI and Hgg; to be the

same as Hy ; but with X , ;X replaced by, respectively, X AUX Bij and X BUX gy 1N view of assump-

tion (A3), the orders of magnltude of the these quantities are

Gai=0p(n!/)1y,,  Ggi=0p(n'/)1y,,

A2
HAAi — OP(n)]‘?AZ’ HABi — OP(n)ldA lgB and HBBi = Op(l’l)l?f. ( )

LetX; = (X L] X gU)T and X; = (X3, ..., X, ). Key results, which can be obtained using conditional

moment calculations, are:

E(g |X17U) d)HAAl’ E(gAlgBllxlaU) d)HABl’ E(g |Xi’ Ui):d)HBBi' (A3)
A.2. Score exact expressions

For1 <i<m,]let py,x, denote the conditional density function, or probability mass function, of
Y, given X ;. Then let

Sai = Vg, logpy,x,(YiIX;), Sp; = Vg logpy,x,(YIX;)

and
Sci = Viech)logpy,x,(Yil1X;)

denote the ith contribution to the scores with respect to each of f,, g and vech(X). Then standard
algebraic manipulations lead to

S, = IRdAgiA(u)CD(u)eXP{_nhi(u)} du _ IRdAgiB(u)cD(u)exp{—nhi(u)} du (Ad)
AL 4, cp(w)exp{—nh;(u)} du B 4, cp(w)exp{—nh;(u)} du
R R
and
S. = |rds8icep(wlexp{—nh;(u)} du _lpr vee(=) (A5)
¢ Jraa cp@)exp{—nh;(u)} du 2 da

where cp(u) = exp(— %uTE'lu), gaw)=2"'u, g;-(u) = %DgA(Z‘l ® T Hvec(uu®),

n;

RO é 2; (X { Yy — b ((Ba+w) X py + B X))
j:
and
h(u) = Z i Xy — b ((Ba+w) Xy + BrXp;) } -

Jj=1

Note that an integration by parts step is used to obtain the S 4; expression.
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A.3. Score asymptotic expansions

To deal with the integral ratios apparent in (A4) and (A5) we appeal to (Al). Approximations of
S a;» S and S¢; that use this equation depend on the random vector

U; = argmin h;(u).

ueRiA
It is easily verified that U7 is the unique solution of Vh;(u) = 0.

A.3.1. Asymptotic expansion of U;

Note that
n;
= D {Yy=b ((BA+UD X+ ByXpy) } Xay
j=1
nl
= 2 Y= (B +UD) X ay+(BY Xiy) } Xy
i
J .
- Z b ((Ba+ Ui)TXAij +(ﬁB)TXBij) XX AU(U -U)+ry
J=1
=C0pi— Hapn(U; =U)D+ry
where r;, is the Lagrange form of the remainder and is a quadratic form in U} — U; and a smooth

function of UJ’ =(1-0U; +tU; for somet € [0, 1] Inversion of this asymptotlc series leads to
-1 -1
U;k = Ui =+ HAAl.QAl- + OP(n )ldA'

A.3.2. Asymptotic expansion of S,;
If (A1) is applied to each entry of the expression for S,; at (A4) then the first three terms on the
right-hand side are

27U+ M 0ni) +0p(n™ Dy, —¢Z " H O 71U+ 0p(n )1, and 0y,
Note that 27U is Op(D)1g,, 7 H L Ga; is Op(n™V/2)1, and E7'H ) 271U is Op(n~)1,,. The

contribution from the fourth term of (A1) is also Op(n‘l)ldA but does not have a succinct matrix
algebraic representation. Putting these together we can assert that

Sai=E7" (U + M3 i) +O0p(n1y, .
A.3.3. Asymptotic expansion of S,

For each 1 < k < djp, consider application of (Al) to the kth entry of Sy;. The first term on the
right-hand side of (A1) is

;i
1 *
the kth entry of p ZXBU {Yij "((Ba+U; )TXAy+ﬂBXBij)} ) (A6)
=i
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Next note that

b ((Ba+ U;K)TXAij + ﬁgXBij) =b" ((Ba+ Ui)TXAij +(ﬁB)TXBij)
+X£ij(U7 —UDD" ((Ba+U) X i+ (Bp) Xpy) + Op(n~ 1, .

Plugging this into (A6) we obtain the first term of Sg; taking the form

1 _
5 (Cpi — HppHariOni) +O0p(D1,, = Op(n'/?)1,,

The contribution to Sg; from the second term on the right-hand side of (A1) is

Mg Han 2 U+ 0p(n™ /)1y = 0p(1)1,.

which is Op(1)1,,. The contributions to Sg; from the third and fourth terms on the right-hand side of
(A1) are also Op(1)14, but do not admit succinct matrix algebraic forms. Combining all four asymp-
totic approximations, we are able to declare:

1

SBi=¢

(Cpi — HapHanCni) + Op(D1y,.

A.3.4. Asymptotic expansion of S
Application of (Al) to the integral ratio component of S; leads to the first, second and third
terms equalling

1 _ - _ -
zDgAVeC (2 1 (UZUIT + ZHALQALUIT) X 1) + OP(n l)ldA(dA+1)/2’

—¢D§Avec ETHLETUUTE™) +0p(n™ /1y, 4,112 (A7)
and s
EDﬁAvec(z—lnggiz—lHop(n-3/2)1dA(dA+1) /2 (A8)

Since Hpp; = OP(n)l?Az, (A7) and (A8) are OP(n‘l)ldA(dA +1)/2- The fourth term arising from (A1) is

also Op(n‘l)ldA(dA +1)/2 but does not have a simple matrix algebraic form. Combining these results
we have

1 - - - - -
Sci = ngA {vec (27" (UU] +2H; 1 ,Gn U] ) E71) —vecE ™)} + 0p(n™ 1y, (4, 41)/2-

A.4. Lemma for the population leading term of the main
Fisher information block

The population quantity Ag appearing in Theorem 1 corresponds to the convergence in proba-
bility limit of a particular random form involving the H,;s. In this section, we isolate the problem
of deriving this population leading term in the form of Lemma Al.
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Lemma Al LetX = (XT,XT)TandXU_(XAU

identically distributed (d 5 + dg) X 1 random vectors, with d, > 1 being the number of entries
of X and the X yys. Also, let U and Uy, ..., U, be independent and identically distributed
random vectors, distributed independently of X and the Xys. Let f be a Borel measurable,
positive real-valued function on R%+9s and assume that

By)T 1<i<m1<j<n; beindependent and

E lE [max (1, 1X11}° max {1.f X, U)}* lU]] <o, (A9)

min {1, Apin (EIX,XTf X, U) |U})

If m and the n; satisfy assumptions (A1) and (A2) then

-1
Z { ZXBU U’Ul)} { ZXAU U,Ul)}
i=1 i=1

. T
X { ZXBUXL,.)‘(XU, U,-)} X115 X, (A10)
j=1

E (EXpX 3 X, DU [EX XA X, DIUY] ™
XE{XpX f(X, D)|U}T).

A.4.1. Proof of Lemma Al

Definitions
Let

Nw)= ZXBU 1/X,0), D)= ZXAU T (X.0),

n; j=1 n; j=1
NU)=E{XgX fX,U)|U} and D(U)=E{X,X,f(X,U)|U}.
Next, fort € [0,1], let

NI =1 - 0N @) +N(U) and Di(U) =1 - ODU) + tD(U).

If Sisadg X d, matrixand T is ad, X d, symmetric matrix define

R ( li] ) =vec(ST'sT)T.

Throughout this proof, we let X; = {X;, ..., X, }. Foreach1 < i < m, define the event

A= {IN U= N W5 1, i (DLVD) 23 i (WD) }.

>1
2
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Family of intermediate moment conditions
The proof involves moment conditions of the form

D1 D2 pP3
o l {E (IXAIP X5 1P2f (X, U)IU) } : ] e A1)
[min {1, A, (E{X X} f(X, U)|U}) }|
for various values of the triple (p;, p,, p3)-
Proof strategy
The required result follows from
1< N(U) Ny
— ~ -R IA)IX; ||| =0 (A12
e L ([ en )+ ([ o] -0 o
and
1 5 N{(U) N c
— ; nE|E l{R ( [ Py ] > -R ( l XU ] ) } (4, )|Xl-] S—>0. (A13)

asm, n — oo. Our strategy involves proving each of (A12) and (A13) separately.

Proof of (A12)
A Taylor series expansion of R with the Lagrange form of the remainder is

(15T (][50 vec(s=8) | [ LTSV @14, 102 +Ko,)
T|) T + T_T T NS PN ) f-lg@iNT
o vec(T~T) (@HUsHT @ (Th (ST

where K dy is the commutation matrix of order dy (Magnus and Neudecker, 1979), SJf =1 -1Sy+1tS,
TJf =(1- t)T0 +tT, and t€[0,1] Using || Kglls=1 (Magnus and Neudecker 1979) and
||A ®Bl||s = ||A]l5 ||1Bl|s (e.g. Section 12.3.1 of Golub and Van Loan (2013)) we obtain

() ==

2
<2018 115 1T 5115 =Soll + (118 15 1T s ) 1T =Tl

(A14)

Suppose that, for 1 < i <m, (U;,X;) are such that A; occurs. Then standard arguments lead to
the bounds

IV UDIsSINUDIs+1 and  [DLUY s < ——

B j'min (D(Ul)) ' (AIS)

On application (A14) and (A15) and routine arguments, the left-hand side of (A12) is bounded above
by
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S [E{WOIN W) - NI | +E WO RIDW)- DI | (A16)

mn &di=1"1

where W(U) = {|N(U)lls + 1} / Amin (D(U)). Convergence of (A16) to zero under (A1) and (A2)
is readily established under the assumption that

l{E{uXAuPl IXgllP2f X, D)UY +1} {E (IIXa 17 IX]IPf X, U)IU )}1/2] (A17)
mm (E{XAX f(X U)|U})

is finite for each of (p;,ps,P3.P4-DP5) € {(1,1,2,2,1),(2,0,4,0,2)}. Using the inequalities
(x+ 1)y <1+x%+y*forallx,y € Rand max(1/x,1/x?) < 1/{min(1,x)}?for all x > 0, we can re-
place finiteness of (A17) by that of (A11) for (p;, p,, p3) € {(0,0,0),(1,1,2),(2,0,2)}.

Proof of (A13)
First note that the left-hand side of (A13) is bounded above by
1/2
1 N (Ul)
mn Lai=1 ™ D (U, )
12 (A18)
+|E R N(U) P(A,CHV2.
D(Ul)

Making use of the generalized Cauchy—Schwartz inequality on page 1093 of Chipman (1964) we
obtain

2
} < E{|X5]14f(X, U)?)
S

1 n; T
X XL (X, U,
D(Ul) iijl Bij Bl]f( y

(15Dl

which is finite if (A9) holds. Similar arguments lead to

([ \[
ow) | )|,

which is finite if (A11) holds for (p;, p5, p3) = (4,4, 1). Lastly, note that

E

v { E{IXAlI* I1X5l*f X, U)U} }
Amin (EIXAXTfX, U)|UY)’

P4, ) <P (IN(U)-N@lls>1)
+P <‘lmln (D (Ul)) min (D(U ))‘ > %imin(D(Ui)))
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Application of Markov’s inequality and Theorem 8.1.4 (Wielandt-Hoffman) of Golub and Van
Loan (2013) leads to P(Al.c) < Bnl.‘l, for some constant 0 < B < oo, assuming that (A11) is true for
all (p;, 2, p3) € {(2,2,1),(4,0,1)}. Substitution of each of these bounds into (A18) leads to (A13)
holding under sample size assumptions (A1) and (A2).

Condensation of the moment assumptions

The full list of moment assumptions involving the form (Al1) are such that (py,p,,p;) takes
values over the set {(0,0,0),(4,0,1),(2,2,1),(4,4,1),(1,1,2),(2,0,2)}. Inequalities such as
max{ || X, | Xgll} < || X ||lead to each of these moments of the form in (A11) being dominated by
the left-hand side of (A9). Therefore (A9) is sufficient for all moment assumptions appearing in this proof.

A.5. Fisher information matrix

The asymptotic expansions of S,;, Sg; and S¢;, as well as results (A2) and (A3) and Theorem
4.3(iv) of Magnus and Neudecker (1979), lead to

E(S§IX) =27 +0p(n" 1%,
1 _

E(ng |Xl) = _E (HBBi - H[’I;BiHAiiHABi |Xl) + Op(l)liz,

@21y \_ LT -1 on g1 1\ ®2

B(SZ1X)= D], (£ @E Dy, +0,(n NS, (A19)

E(SniSg;|X)= OP(l)ldAlgB, E(S5SE1X)=0p(n
T _ T

and - E(Sp;Sc;|X))=0p(D1g, 1y (g, 11/

-1 T
)ldAldA(dA+1)/2

Under assumptions (A1)-(A3), we have from Lemma Al,

m
1 T - -1 2
— E (HBBi - HABiHAiiHABi |Xl) = A B + OP(I)]{?;3 .

B
mn i3

Therefore, we have following expression for the Fisher information matrix of the parameter vector
(Ba, By, vech(Z)):

I (p'A,,BB,vech(Z))

-1 “1\7®2 T - T i
mXZ ™ +0p(mn 1)1?A OP(m)ldAldB Op(mn l)ldAld/%
. mnAl‘,; . .
— Op(m)ldBldA ¢ +op(mn)1dB OP(m)ldB ldf
X . . ngA(E_1®Z_1)DdA .
Op(mn )ldfldA Op(m)ldigldB > +Op(mn )ld/EE
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where d% =d,(dp + 1)/2. Strictly speaking, the term Fisher information applies to the ¢ =1 or-
dinary likelihood situation. In this derivation, we use the same term for the ¢ # 1 quasi-likelihood
adjustment for responses such as Binomial and Poisson.

A.6. Inverse Fisher information matrix

For inversion of the Fisher information matrix, we work with the ordering (B, vech(X), fz)
rather than (B,, B, vech(Z)). A trivial rearrangement of matrix entries leads to

I (B, vech(E), fp)

[ mz !+ OP(mn_l)li?A2 Op(mn_l)ldAlgEa OP(m)ldAlgB
3 . mD(fA(z—l ®z:—1)f)dA .
~ Op(mn )1@ ldA 3 OP(m)ld% ldB
h + Op(mn_l)lf’é
, B o
Op(m)1y, 1 Op(m)ldBld;\Ia ? +0P(mn)1dB

Then partition I (B, vech(Z), fg)and I (B, vech(T), fg) ~!according to

A11 A12

AL A
I(ﬂA,vech(Z),ﬁB) = l 1 12] (A1) A2

and I (B,,vech(Z), ﬂB)_l =
A}, Ay

where

mE~!+ Op(mn_l)l(i2 OP(mn_l)ldAlgE
A

Ay = mDCTlA(Z:‘1 ®Z Dy,

_ A20
Op(mn 1)1(1% 1§A 5 (A20)

+ Op(mn_l)lfé
A

A12

T
T T
0p(m) [1dB1 i 1dB1dE] ,
A

Ay = (mn/$)A;) +op(mn)1F? and AM has dimension (d, + d) x (dy +dT).
The upper left block of I ( B, vech(Z), ﬁB)_l is
Al =A7 +A7] A4y - ATAT AT ADAY (a21)
where, using Theorem 13(d) in Chapter 3 of Magnus and Neudecker (1999),

Py -1, - 2 -1,— T
— +0p(m 'n 1)l?A Op(m™'n 1)1dA1d§
Ay = 2Dt (@I} | a2
1 - A A 1
Op(m™'n l)ldflgA — 2 4 0p(m™'n 1)1%
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It follows that AT AT1A,, = OP(m)1® andsoA,, —ALAT!A, = OP(mn)l®2 which then leads to

(Ap—-ApATlAL)™ OP(m‘ln‘l)lgf. Consequently,
- — - -1,— 2
A A (Ay —ALATAL) AL AT = 0p(m ™ n 12" (A23)

127711

Results (A21), (A22) and (A23) imply that

z —1,-1y1®2 “1,-1 T
y E+Op(m n )ldA Op(m™n )ldAldBa
AT = . 2D (zexpy’ o
-1, -1 —1
Oplm i th  —A 4 07! ne
Next note that
A2 =A51+A AL (A —ApALIA])TTA AT (A24)
and s
—1_ -1, -1);®2
Azz—%AﬁB"'OP(m n )ldB' (A25)
Hence A,,A4;]AT = Op(mn‘l)l‘g’2 i o implying that A, — A),A71AT = {0p(m) + OP(mn‘l)}ld 8
and then (A1 —ApAAD) ! = {OP(m D+0p(m™'n 1)}1?2 &= Continuing in this fashion we
At
get
AJAT (A -ApATIAT 1A12A2_21=Op(m_1n_2)1?:. (A26)

Combining (A24), (A25) and (A26) we then have
22 _ i —1,-1\®2
A* = o AﬂB+oP(m n )ldB'

The upper right off-diagonal block of I (B4, vech(X), Bg) is
_ —1 T -1 —1 _ -1,-1 T
The resultant expression for the inverse Fisher information matrix of ( Ba,vech(X), ﬁB) is

I (Ba,vech(E), Bg) ™" = I (B, vech(E), fy)
0p(11$? Op(M1g, L Op(114, 15,
+$ Op(1 1], Op(l)lié Op(D1 @1y, (A7)
O0p(D1g, 1] op(1>1d31§§ 0p(113”



JIANG ET AL. 77

where
z (0] (0]
m
. 2D} (EQX)DF
I(Bpvech(®),p5) ) =| 0 2~ 7
m
PA
0 0 Pz
L mn -

A.7. Lemma for the asymptotic equivalence of
{I(Basvech(2),65) 1}V/? and (1(g, vech(2),45),) )/

Theorem 1 involves replacement of the matrix {I(B,,vech(Z), Bg)~! }1/2 by the matrix
{I(BA,vech(X), Bp)} }1/2, due to the remainder terms in (A27) having asymptotically negligible
effect on the relevant matrix square roots. Lemma A2 provides a formalization of this state of af-
fairs, which is used in the final steps of the derivation in Section 8.8.

Lemma A2 Define the sequences of matrices

K+Q,1%% R,1,1] K o
M, = r 1 ®2 and M, = 1
Rylgly S L+T,15 o L

where K (p x p) and L (g X q) are symmetric positive definite matrices and Q,, R, and T, are se-
quences of random variables satisfying Q,, = 0p(1), R,, = Op(n~1)and T,, = 0p(n~1). Then, asn — co,

—1/25 71/2

P
I M, >M,* 1| — 0.

A.7.1. Proof of Lemma A2
Our proof uses the integral form of the square root of a matrix which, for a matrix A having no
eigenvalues on R_ is given by

A2=2 J AA+2D) N dt (A28)

7 Jo

(e.g. Higham (2008)). For all n sufficiently large so that negative eigenvalues are avoided, application
of (A28) to each of M} _and M, leads to

2 -1 2 -1 T
iy 1/2_iro ro (Ip+t1K) K 1Rn(1p+ti() L1
vt a2 )e o | RyI A=D1 1) (I +(=L)}) 'L
n P pd n
-1
2 ®2 T
K+U'T,+Q,18 R,1,1]
R,117 Ly vr 47182 drdu.
nqip LT gty (A29)

Note that, as consequences of (A28), we have



78 JIANG ET AL.

IP:%J J (I, +K) 'K (K +121,)" dt du

0 0

" =" {1 +t2(lL)}_1(lL){(lL)+u21 }_1 dt du
=2, J, U n n n q :

Then straightforward, albeit long-winded, matrix algebra leads to

V1 —1/25 #1/2 I
E n,00 n ~ p+q

a7 . a7 .
~ K L Fi,(wK,L)du K L F,,(uw;K,L)du (A30)

L™Y/2 [ Fy,(wK, L) du L‘“ZL Fpn(wK, L) du

where, for example,
F,,,wK,L)= KI',,(wI',,(u)K+ uzIp)'1 -T,, Iy, (W),
F,wK,L)= n'/? R, u? I“ln(u)lqlgl‘4n(u),
1 1 -
Fy,(w;K,L)= n'/? (L5, (W3, {( L)+ W)+ T, 101 s (1)
_Rfl1q1§r4n(u)1p1§r1n(u)]

with

1 -1
r,w= { (GL+uI +T,1,1] } , To,)= (RAIT, w1, - Q, 11,17,
r;,w= {Rfllg(K+u21p + inplg )',-T, }1q1qT,

I, w={K+ uzlp - I’z,l(u)}_1 and Ts,(uw)= {(%L) + uZIq Ty, (u) }_1.

Let A;n(K) and 4,,,,(K) denote, respectively, the smallest and largest eigenvalues of K and let
Amin(L)and A, (L) be defined similarly for L. Since Q,, = 0p(1)and T,, = op(n~1) forevery0 < e < 1
we can choose n large enough so that |Q,| < A, (K)/2 and |T,,| < Apin(L)/(2n) with probability
exceeding 1 — &. Standard steps then lead to the following spectral norm bounds for all sufficiently
large n:

1 2qnRZ
||r1n(u)||S<l—2a ||r2n(u)”S<p i (L)+|Qn| s
n ﬂmin(LZ) +u min

PR 1
I|F3n(u)||s<1—nz+QITn|, ICap@lls < 37—
zlmin(K)+u zﬂmin(K)+u
and ||T5,(wllg < 1; for all u>0.
5 Amin(L) +u?

Then for all n large enough and u > 0 we have
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IF11,wK, Dlls < IK|sIT4n@lsIT2, @l 1K +uL) 7 s
+ T2, W5 1T, Wl s

2gqnR? Anax(K) 1
< P{a.—@")*"?n'} (e  aerm |
min min > )”min(K) +u
It follows that, for all sufficiently large n,

(o)
‘H F,,,(w;K,L)du
0

sj IF 13, (i:K, L) du
S 0
2gnR2 © A (K
<p q n + Iin J { L)Z +1 } 1; du
Amin(L) 0 UAmin(K)+u > Amin (K) + 142

with probability exceeding 1P—e Since R, =0p(n7Y), Q, = »(1) and ¢ is arbitrary we tl};len
have || [;° Fyy,(u:K, L)du||5—>0 as n — . Slmllar steps lead to || [;° Fyap(usK, L) dul|g— 0,
[ Io F,,,(ui;K, L) du||5—>0and|| J Fy,,(wkK, L)du||s—>oand the lemma is proven.

A.8. Final steps

For likelihood situations, standard results concerning asymptotic normality of maximum likeli-
hood estimators give

{1 (B veen. pg) ™} @-00 2 n0.1 (A31)

where 8 = [(B)T vech(£)T (Bp)T]1T and 6° = [(B)T vech(x®) (B9)T]7. The general quasi-
likelihood situation, requires asymptotic normality theory for M-estimators as treated in, for exam-
ple, Section 5.3 of van der Vaart (2013). It follows from (A30) that, for all (d, + d% + dg) X 1vectors
a # 0, we have

a” {1 (B2, vech(x®), %) ™" }71/2(0 - 6°)—> N(0, a" a).

As a consequence
(A32)
a” (I (B3, vech(="), ) }7/*(0~6°)+1,pu(@)—>N(0,a"a)

where

Fun(@) =a”[{T (8%, vech(E®), %) ') ~Y/2 — (I (B, vech(Z®), B3) } 1216-6°)
=a’[I-{I (B9, vech(Z9, pO) y VI (S, vech(Z?), ﬁB) 172]
x (I (B, vech(Z?), ﬁB) /26— 0%

T
<[{1 (8%, vech(E®), B%) 1} 7/2(1 (B3, vech(E®), £%)” 1}1/2—I]Ta> z
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and Z ~ N(0,I ). Then note that

dp+dB+dg

H[{I (B, vech(Z), ﬁB) yV2(1 (,BA,Vech(ZO) ﬁB) Y2 I]
<1 (Y, vech(=®), B%) . }~/2(1 (B3, vech(E®), 83) ™" 1/2—I||F lallp.

From Lemma A2, asn — oo,

I (B vech(2%), B3) 1 }/2(1 (B3, vech(=%), ) " /2~ 1|l >0 (A33)

and so
[{I (B2, vech(%), %) 7 }=Y/2(1 (B9, vech(Z®), 2~ 1}1/2—1]af>o.

P
Application of Slutsky’s Theorem then gives r,,,,(a) — 0. From (A31) and another application of
Slutsky’s Theorem we have

a” (I (3, vech(=), p%)_ )7/2(0 - 6°)— N(0.a"a).

Theorem 1 then follows from the Cramér-Wold Device and the Continuous Mapping Theorem.

APPENDIX B. PROOF OF THEOREM 2

Let x;, 1 < k <, be the support points for the ith group, 1 <i < m. Symmetry arguments lead to
the restriction x;, = x, 1 <i < m, for optimal designs. For each of the m groups let

n = number of x;, values in the design,1 <k <s,

and let Y[ be the jth response within the ith group at support point x;. Then

Yij[.k] |U; independent having quasi—likelihood function (2) with natural parameter

(B1)
ﬁg + (ﬁ(l))Txk +U; such that the U, are independent N(0, (¢2)°).

for1<i<m,1<j<nandl <k <s.The log-quasi-likelihood is

m S nj
“BorProo®) = 2, 2 (Y60 + By %0/ +d(Y}, 8) | —Zlog(2no?)
. m - ]:100 1k 1 K u?
+ZIOgJ explz Z—{Yiﬁ. ]u—b(ﬂ0+ﬁ§xk+u)}—ﬁl du.
i=1 —oo k=1 j=1 ¢ o
Let

- S
H, = & (By + BL x; + Uy)
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Then arguments analogous to those given in the proof of Theorem 1 lead to the Fisher information
matrix having the following form asm, n — oo:

[ 2+ o(mn™") o(m1} O(mn™)
o B
7j[@Z
m ~

160 By o) =|  Omig,  E Hy——==|+0mng?  o(my,

01
-1 T m -1
i Oo(mn™") O(m)ldB §+O(mn )_

Next, change the ordering of the parameters from (8, By, 62) to (8,, 6%, Bg) and apply a standard re-
sult concerning the determinant of a 2 X 2 block-partitioned matrix (e.g. Theorem 13.3.8 of Harville
(2008)) to obtain

~ ~ ~T ~—1~
1(Byo, B, 02)| = |A11| |A22 —ApAL A
where A, and A, have forms analogous to those of A;;and A, in (A20) and

~®2
5 _m Y, 11 ®2
A22 = EE HZI - + O(m)ldB .

01

It is easily verified that |7111’ =m?/(26%) + O(m*>n~') and ZITz;ll_ll A, = O(m)l‘iz. It follows that

2¢%65{1+0(n
mds+2

) |10, B3, 53| = |, + 0N (B2)
0> Pp> n dy

~ ~®2 ~ ~ ~ ~
where ¥, = E <H21 - Hﬁ /Hy ) Since Hy; = Op(n), Hy; = O0p(n)1 and H,; = OP(n)IQ;j, we
have ¥, = O(n)l?;j. Let 4,(M), ..., Ady (M) denote the eigenvalues of a generic dy X dy matrix M.

Then

dp
‘Pn+O(1)1?:) = H/lj <‘I’,,+O(1)1§;2>. As a consequence of Theorem 8.1.4 (Wielandt-
j:

Hoffman) of Golub and Van Loan (2013), 4; (‘Pn + O(l)l?f) = A (¥,) +0(1)foreachl <j < dg.

Hence

dg
W+ 0L =[¥,] +0(1) Y [¥u| /45(¥,). (B3)
j=1

To obtain the order of magnitude of the ,lj(‘l’n) we appeal to Theorem 8.1.3 (Gershgorin) of Golub
and Van Loan (2013). Since all entries of ¥, are O(n), the same is true for the lower and upper limits
of each of the Gershgorin discs of ¥,,. Since each eigenvalue of ¥, is inside at least one Gershgorin
disc, we have A(¥,)=0(n), 1<j<dg It follows from this fact and (B3) that
|‘I‘n + O(1)1i2| = |¥,| {1+ 0(1)}. In view of (B2), the determinant of I(8,, By, o) is proportional to
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a quantity with leading term |¥,,|as n — oo. Recalling that n;, = nsé, and dividing through by ns we
can assert that approximate locally D-optimal designs, based on the exact leading term behaviour of
the determinant of the Fisher information matrix, are those which maximize

N N 5 b// T U ®2
E Z(skxfzb”(ﬁo+/3};xk+U)—{Z":1 i P+ By i+ U} , (B4)
k=1 Yoy 610" (Bo +ﬂ]§ x,+U)

U ~ N(0, ¢%), over the design weights §, and support points x;, 1 < k < s. Except for an innocuous

normalizing factor, the integral appearing in (7) can be shown to equal the expectation appearing
in (B4) and the theorem is proven.



