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SUMMARY
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1. DERIVATION OF OPTIMAL ¢* DENSITITES

To find optimal densities for each part of the factorisation of ¢(6) we use the following result.

q; (0;) o< exp{E_g, [log p(y, )]}

(1.1)

For the MGLMM presented in the main manuscript, we have

E_y, [logp(y,0)] = E_o, [logp(y,|8,u,X.)] + E_g, [logp(B,u|Er)| + E_, logp(Zr|ai,...,aq)]

q Rc
+Y By, [logp(ar)] + D _{E-s, [logp(o? |a.,)] + E_g, [logp(ac,)]}
k=1 r=1

1.1 Derivation of q¢*(c2,)

We require for each r =1,..., R,

E_g2 [logp(y,0)] = E 52 [logp(y, |8, u,2.)] + E_y2 [logp(o? |ac,)] + const
1 1 ~\T§r—1 ~ 3 2
= —5E-0z [log|Ze]] - 5 B0z [y — CP)" B (y — CP)] - S logor,
1
_ U_QE*UET [1/ac,] + const

Er

= — <%(”yr — Crtta(prun)I” + #1[Cr CrZgis, un)]) + Nq(l/%ﬂ)

o2
1 [& )
-5 an +1] -1 logasr + const
i=1

Here, the subscript r denotes the rows of the overall model relevant to the rth continuous lon-

gitudinal marker. Hence, ¢*(0Z,) is an inverse-Gamma(1/2(3_" | ns + 1), By(s2 ) distribution

T

with

1
Byoz,) = tat1/oz,) + 5 {19 = Crttas, ) [I* +47(CF Cr8q(p, )}
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1.2 Derivation of ¢*(ac,)

We require for each r =1,..., R,

E_q. [logp(y,0)] = E_q. [logp(o? |ac,)] + E_a., [logp(ac, )] + const
(E_QET [5 ]+ A;f)

Qe

-+ const

= —2loga., —

r

Hence ¢*(ac,) is an inverse-Gamma(1, By(,_,)) distribution with

By(acr) = Hq(1/o2,) + ASE

1.3 Derivation of ¢*(ax)

We require for each k =1,...,¢q,

E_o, llogp(y,0)] = B—a, [0gp(Splar, ., ag)] + B_a, log plax)] + const

2 E_ ., [Z A2
_ (vta+t log(ax) — e[ ZRlee + A7
2 ag
2 vM 1 + A2
__ +2q i log(ay,) — —2=m 2 P const
ak

So ¢*(ay) is an inverse-Gamma(1/2(v 4 q), By(a,)) with

-2
Bq(ak) = VMq(EEI)kk + Ak .



4 D. M. HUGHES AND OTHERS
1.4 Derivation of ¢*(XR)

We require

E_s . logp(y,0)] = E_s,[logp(u|Zr)] + E_x,[logp(Xglai,. .., aq)] + const

(m+v+2q) 1 B
S — log | Zg| — §E_2R[uT(Im ® X5yl

1
- E_ER[§tr(2udiag{1/a1, .oy 1/ag} RN + const

1 E : _
v <{Z(Mq<ui>ﬂf<m> + Bg(un) + 2vdiag(ig(i/a); - - - 7Mq<1/aq>)} 2R1>
i=1

2
— w log |3 r| + const

Hence ¢*(Xr) is an inverse-Wishart(v + ¢ +m — 1, Byxy)) with

Bygzn) = O (Ha(uo Pt + Zatu) + 2vdiag (g1 /ar)s - - tg(1/ag))
1=1

1.5 Derivation of ¢*(5,u)

When all of the longitudinal markers are continuous (and assumed Gaussian), it is relatively trivial
to show the ¢*(/,u) is multivariate normal. However, once any of the longitudinal markers are
binary or counts (assumed to be Poisson), we can no longer obtain a nice distribution for ¢*(3, u).

Instead we take the approach of Rohde and Wand (2016) and specify that

q* (B, u, tgg,u)s Xq(sm) ~ N (Hg(s,u): Xq(s,u))

in order to gain tractibility. By result 2 of Rohde and Wand (2016), the necessary updates for

Hags.m and Eq(gﬁu) are

T
Va(Bu) <= Diiys,0 Non Entropy(q, tig(s,u)5 Bg(s.0))

-1
XgBu) < — {Hqu,u) Non Entropy(q, ttg(s,u), Eq(ﬁm))}

Ha(B,u) = Hq(8,u) T g(8,u)Yg(8,u)
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where D, f is the derivate vector of f with respect to x and H, f is the Hessian matrix of f, the

second derivative with respect to x, and

Non Entropy(q, tg(s,u), Zq(8.u)) = £q [logp(y, |3, 1, Xe)] + E, [log p(3, u|XR)]

=y  E[2"|Cg(sm) — 1T B[S B, [b(CP)] + 17 Eyle(y, )]

|

U§2Ip 0

_(p+mg),
0 I,®E[ER

1
5 og 21 — §Eq [log

1 T oz 1, 0
D) {“q(ﬁm [ BO I,® E[ERl]} Hq(B,u)
o372l 0
t B P by 1.2
i ([ 0 In @E[E;JJ W*“))} 12

in our case. See Rohde and Wand (2016) for a more general definition of non-entropy. In the fol-
lowing, we will make use of a change of variable. Note that by our specification,C ~ N(Clpig(,u), CEq(s,u) CcT) =
N(p,0?). Then we define a new variable, z = (C — i) /o, and we have that = ~ N(0,1). Then,

from 1.2, and using rules 3.3.6 and 3.3.2 of Wand (2002) we have that,

Dy, Non Entropy (g, ttg(s,m)s Zq(a.m)) = (Y = Dy {Eql0(CP)}) T E[BZ1]C

-2
o7 o5 1Ip 0
Fabw) | "0 I, @ E[le]]

—2
- _ / T -1~ _ ,,T 9 Iy 0
(y — Ex[b'(ox + p)])" E[E.7]C — pg5,m) [ 0 I,®E[X3Y

and

T
Hyys. Non Entropy(q, f1g(s,uys Zg(s.0)) = Digs o 1 Ditggs,wy No1 ENtropy(q; tg(s,m)> Sqsm)” }

= Dyysm {CTEE(y — Eu[t/ (02 + 1))
—2
- UBO L L g[le]} qu,u)}
= —CTE[Es_l]DMq(ﬁ,u) (Bl (oz + )} = {U,BSIP I, ® 2[2?]]
= —CTB[3. B, [diag(h" (0w + 1))]C — {055 K I, Jg[g;]]
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Hence the Rohde and Wand updates for ¢*(3,u) in the MGLMM defined in our paper are given
by

UEQIP 0

Vq(ﬁ,u) — CTE[E‘;l](y - Ew [b/(O'fL' + u)]) - |: O I ® E[E—l]:| Mq(ﬁ,u)
m R

. o721 0 !
Zyaan ¢ {CTEIE g B o+ wle+ [T DT
m R

Haq(B,u) = Hq(B,u) T Xig(8,u)Yg(8,u)

It remains to define the cumulant functions and derivatives b(-), /() and b”(-) for each of
Gaussian, Poisson, and binary longitudinal markers. Note that the derivative b/ (ox + u) is taken
with respect to (ox + u). The chain rule is applied in the overall notation.

If Y, is a Gaussian marker, then b(cz+p) = 1/2(ca+p)?, and so E, [V (cx+u)] = o Ex[z]+p =
p = Clig(guy, and E;[b"(ox + p)] = 1.

If Y, is a Poisson marker, then b(ox + p) = b/ (ox + p) = b’(cx + p) = €7 and so
B,V (0x + p)] = B[V (02 + )] = exp(Cig(s.u) + 1/2diagonal(CE, 5 u)CT)).

If Y, is a binary marker, then b(oz + ) = log(1 + e“*+#). Defining expit(z) = logit™'(z) =
1/(1 + exp(—=x)), we have that V'(ox + u) = expit(ox + p) and b’ (ox + p) = V' (ox + pu)/(1 +
exp(ox + p)). It then follows that

oo

E [V (ox + p)] = / expit(oz + p)d(z)dr = Bo(u, 0?)

—0oQ

and with the help of integration by parts,

, [ V(ox + p)
Ez[b (U$+N)] _/_OO (1+exp(0’$+ﬂ))

= 3/00 xexpit(ox + p)p(x)dx

— 00

- Bl (/1'7 02)

Following Nolan and Wand (2017) we avoid quadrature routines by approximating Bo(p, 02) and

B (u, 0?) using a weighted mixture of normal distribution using the Monahan-Stefanski weights
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with k = 8 mixture components. Nolan and Wand (2017) state that

2
Sk,i
0-2) ~ Zpk,i(l) #
i=1 W1+ UQSi)i

Z Pk,iSk,i HSk,i
~ 0

\/1—1—025,“ \/1+025,“

In our case then the necessary MFVB updates are given by

2 ¢ /1,17 + OBy (5, C7 ()7

N CliyismsT

By« & <7uq(g )5 P)

- C T

B, « {¢> <7’“Lq<g ) /Q}p@s

The updates for each marker can be substituted back into the Rohde and Wand updates using

the relevant rows for each marker.

2. STREAMLINING

The updates for 3,3 ) involve calculating the inverse of a large matrix. However, this matrix
has a block sparse structure, and we can utilise this structure, and matrix algebra results, in order
to streamline our algorithm, and make substantial speed gains. This streamlining procedure is

outlined in more detail in Lee and Wand (2016), and we just give the relevant details for our



8 D. M. HUGHES AND OTHERS

model here. The inverse of 3,3 y,) is arranged as follows.

F G ... ... Gy
Gl HY 0 ... 0
-1 _ . .
S = | 0
Gl o ... 0 H!

with F = X" B[S "|diag{ E.[t"(ox + p)]} X + 0571,
G; = X' E[2_"|diag{E,[b" (o + p)|}:Z;i
H — {Zl-TE[Z;l]diag{Ez ' (cx + p)]}i Zi + Mq(zgl)}
1= Chiggs .,

0% = CZy5mC"
Using corollary 8.5.12 of Harville (2008), the inverse can be found as

Sqs A
S o = | e q(ﬁ,u>]
q(B,u) {AqT(Bm) Sa(w)

m —1
where 3,5 = <F -3 GiHiG;fF>

=1
Ay = = [Bqe)GiH1, -+ Bg(p) G Hin

Eq(ui) =H;+ HiG?Eq(ﬁ)GiHi

The updates involving 3, ) can now be streamlined which largely involves many calculations
being performed only on blocks of the data containing the rows for a particular individual and
so substantially improves computation time. Specifically, simple algebraic manipulations result
in the updates for fi4(5.4) and Bq(oi) given in Algorithm 1 of our main manuscript. We can
also streamline the calculation of 1/2log|3(4,4)| which occurs in the marginal log lower bound

log p(y, q), using Theorem 13.3.8 of Harville (2008).



Variational Bayes for multivariate mized models 9
3. DERIVATION OF A LOWER BOUND ON THE MARGINAL LOG-LIKELIHOOD

We control the convergence of our MFVB algorithm through monitoring the bound on the

marginal log-likelihood, log p(y, ¢). This is calculated as follows.

logp(y, q) = Eyllogp(y, ) — log q(0)]

= Eyllogp(yc|B,u, )] + Eqllog p(yp|B8,u)] + Eqllog p(y |3, u)] + E,llogp(5,u|XR)]
R, q

+ Byllogp(Srlas, . .. ag)] + Y {Egllogp(o? |ac,)] + Eyllogplac, )]} + > Eqllogp(ax)]
r=1 k=1
R, q
— Ey[log g(8,u)] = Eyflog q(Br)] = Y {Eqllogq(o7,)] + Eqlloga(acr)]} — Y Byllog q(ax)]
r=1 k=1

Here, we use yg, yp and yp to denote all the stacked Gaussian, Poisson and binary longitudinal
observations respectively. The number of observations of each type of marker are denoted by ng,
np and np respectively. We also make use of matrices E;, E; and E3 as n x n diagonal matrices
with value 1 for rows corresponding to Gaussian, Poisson and binary markers respectively and

0 elsewhere. We now provide an expression for each part of logp(y,q) and then state the full
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expression.

n 1 1 _ _ _
Eqllogp(yc|B,u,%:)] = —7G log(27) — 5 Eq[log [Be[] = 5 Bq[(y — CP) BT 3 Eq (y — C7)]

Eqllogp(yp|B,0)] =y E2Clysu) — 1 Ezlogy! — 17 Eg exp(Clig(s,u) + 1/2diagonal(CEy 5,4, C"))

|

Eyllogp(ys|B,w)] = y" EsCpg(s.u) — E4[1"Eslog(1 + exp(CP))]
UB_QIP 0
0 I,®E[Eg"

1 o721 0
__E ~T B p ~
2 [ [ 0 Im®E[2R1J }

v+qg-—1 .
E,llogp(Erlai,...,aq)] = —log Cypiq—1+ +Eq[log |2vdiag{1/ai,...,1/aq}|]

Eyllog (5, ulza)] = ~2 "D tog(om) - 5E, [log

V20 1 log (Sl - vE, [tr(diag{1/ar, ... 1/a,}S3Y)]

1 3
Eq [Ing(UgJaaT)] = _§Eq [log(ae, )] —logT'(1/2) — iEq[IOg Ugr] - Eq[l/aaTUET]
1 _ 3 _
Eqllogp(ac,)] = 5 log(AZ?) —logT'(1/2) — 5 Eallogac, ] — AZPE,[1/ac,]

E,llog plax)] = 5 log(45?) ~108T(1/2) — 3 Fyflog ax] — A7 By[1 fai]

—(p+mq) 1
Eyflog (5, w)] = =2 (1 + log(2m) - 5 10g[Eyqs.)|
v+qg+m-—1 v+2q+m
Eyllogg(Er)] = ~108 Couviqim—1 + Ly flog | By ] - Ta ", flog Sl

1 _
— SB[t (Bys i S )

1 m m
Eqlog q(d?,)] = 5(2 nir + 1)Ey[log By(oz )] —log T(1/2()_ iy + 1))
i=1

1=1
1 & B,
SO MIN[
i=1 ETr
Eyllog g(acr)] = Eyllog Byga,y] — log (1) — 2E,[loga., ] — E, [_

E,llogq(ax)] = %(V + q)Eq[log By(a,)] —logT'(1/2(v + q)) — (1/2(v + q) + 1) Ey[log a]

BQ(ak):|

_Eq{ -

In the above, Cy, 4 is the normalising factor for the inverse-Wishart distribution given by

d .
Caa = 24927 @D/ T (7’4 +21 - ’) .
i=1
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After evaluation of the expectations, and cancellation, we arrive at the expression for the lower
bound on the marginal log-likelihood,

_pt+mq

logp(y,q) = 5 NG log 27 — log Cg viq—1 +10g Cg vt grm—1
— (Re+q/2)logm 4 qlogT'(1/2(v + q)) — g log(c3) + w log 2v
+1/210g|Z 5w + ¥ E2Clig(pu) — 17 Ezlogy!
—1"E exp(Clig(p,u) + 1/2diagonal(CE5.4)C"))
+¥" EsClig(s,m) — 1" EsBo - W log |By(sn)| = %(Nﬁmﬂq(m +tr(Zg(s)))

R, m
+ Z {logl—‘(l/Q(Z nir + 1)) — log As’“fl/?( i1 nirt1)10g B2 y=Bg(acy) THa(1/acr) Ha(1/02,) }

r=1 i=1

+

q
k=

1
{”Mq@;)kk#q(l/m —log A, — 5 (v +¢)log Bq<ak>}
1

4. ADDITIONAL SIMULATION DETAILS

The final part of this supplement presents some accuracy results from the simulation study.
The main manuscript presents the accuracy for the case where there are m = 100patients. In
the supplement, Figures 4 and 4 report the accuracy for the simulations with m = 1000 and

m = 10,000 individuals respectively.
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Fig. 5. Model results for a 10 marker multivariate generalised linear mixed model in the primary biliary
cirrhosis data. Panel (a) shows the accuracy heat maps of the MFVB fixed effects estimates and residual
standard deviations (compared to the MCMC estimates), (b) shows the accuracy of the MFVB random
effects covariance matrix (compared to the MCMC estimates), and (c) shows the implied matrix of
correlations between the 10 longitudinal markers calculated using MFVB.
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