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S.1 Function Definitions

Expectation propagation algorithms that are based on the fragments in Section 3 have
straightforward implementation once a few key functions are identified. Many of the func-
tions are simple but long-winded. However, they only have to be implemented once and
after that all fragment updates are simple.

The functions can be divided into three types:

1. functions defined via non-analytic integral families.

2. a function defined via inversion of an established function

3. functions that are explicit given function types 1. and 2.

We now give details of each of these types in turn.

S.1.1 Functions Defined via Non-Analytic Integral Families

Two fundamental families of integrals for expectation propagation in linear model con-
texts are:

A(p, q, r, s, t, u) ≡
∫ ∞

−∞

xp exp(qx− rx2) dx

(x2 + sx + t)u
,

p ≥ 0, q ∈ R, r > 0, s ∈ R, t > 1
4 s2, u > 0

and B(p, q, r, s, t, u) ≡
∫ ∞

−∞

xp exp{qx− rex − sex/(t + ex)} dx

(t + ex)u
,

p ≥ 0, q ∈ R, r > 0, s ≥ 0, t > 0, u > 0.

(S.1)

An additional family of non-analytic functions that we need is:

Cb(p, q, r) ≡
∫ ∞

−∞
xp exp{qx− rx2 − b(x)} dx, (S.2)

where q ∈ R, r > 0 and b : R→ R is any function for which Cb(p, q, r) exists.
To avoid underflow and overflow working with logarithms and suitably modified in-

tegrands is recommended. For example,

C(0, q, r) = eM

∫ ∞

−∞
exp{qx− rx2 − b(x)−M} dx

where M ≡ sup{x ∈ R : qx− rx2 − b(x)} implies that

log{C(0, q, r)} = M + log
[∫ ∞

−∞
exp{qx− rx2 − b(x)−M} dx

]
Sine the last-written integrand has a maximum of 1, its values are not overly large or small.
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S.1.2 Function Defined via Inversion

Theorem 1 of Kim & Wand (2016) asserts that the function log−digamma is a bijective
mapping from R+ onto R+. Therefore its inverse

(log−digamma)−1 : R+ → R+

is well-defined. Bounds given in Guo & Qi (2013) imply that
1
2x

< (log−digamma)−1(x) <
1
x

for all x > 0.

Therefore,

(log−digamma)−1(x) ≈ geometric mean of
1
2x

and
1
x

=
1

x
√

2
and provides useful starting values for iterative inversion of log−digamma.

In addition, care is required for evaluation of (log−digamma)(x) for large x since direct
computation round-off error can lead to an erroneous answer of zero. Software such as the
function logmdigamma() in the R package statmod (Smyth, 2015) rectifies this problem.

S.1.3 Explicit Functions

The N(0, 1) density function and cumulative distribution functions are denoted by

φ(x) ≡ (2π)−1e−x2/2 and Φ(x) ≡
∫ x

−∞
φ(t) dt.

We also define
ζ(x) ≡ log{2Φ(x)} so that ζ ′(x) ≡ φ(x)/Φ(x).

Stable computation of ζ ′ is available from, for example, the function zeta() in the R
package sn (Azzalini, 2017).

The functions GN and GIG1 defined in Kim & Wand (2016) are also needed here. The
function GIG2 from Kim & Wand (2016) requires generalization to handle Half-t priors on
standard deviation parameters with arbitrary degrees of freedom. The generalization is
denoted by GIG3. Each of GN, GIG1 and GIG3 depend on the functions defined in Appendices
S.1.1 and S.1.2 but otherwise ther are simple, albeit long-winded, functions with multiple
vector arguments. Their definitions are given in Section A.4 of Kim & Wand (2016) and
are repeated here for convenience. We also define the explicit functions Hprobit, Hlogistic and
HPoisson. First set:

α

k,

[
a1

a2

]
,

[
b1

b2

]
,

 c1

c2

c3

 = A
(

k, a1,−a2,
−2c2

c1
,
c3 − 2b2

c1
,
c1 − 2b1 − 2

2

)
and

β

k, `, v, w,

[
a1

a2

]
,

[
b1

b2

]
,

 c1

c2

c3

 =

B

(
k,

` + c1 − 1
2

− a1,
c1c3 − c2

2

2c1
− a2,−b2

(
c2

c1
+

b1

2b2

)2

, v, w

)
.

Next, define

g(`, v, w,a, b, c) = (log−digamma)−1

(
log

{
β(0, ` + 1, v, w, a, b, c)
β(0, `− 1, v, w, a, b, c)

}

− β(1, `− 1, v, w, a, b, c)
β(0, `− 1, v, w, a, b, c)

)
.
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Now we are ready to give the expressions for GN, GIG1, GIG2, and GIG3:

GN (a, b; c) =

[
α(2,a, b, c)
α(0,a, b, c)

−
{

α(1,a, b, c)
α(0,a, b, c)

}2
]−1 [

α(1,a, b, c)/α(0,a, b, c)
−1/2

]
− a,

GIG1

a,

[
b1

b2

]
;

 c1

c2

c3

 =

 −1− g(0,−2b2/c1,
1
2 ,a, b, c)

−g(0,−2b2/c1,
1
2 ,a, b, c) β(0,−1,−2b2/c1,

1
2 ,a, b, c)

β(0, 1,−2b2/c1,
1
2 ,a, b, c)

− a

and

GIG3

(
a,

[
b1

b2

]
; k, `

)
=



−1− g

k − 2,−b2/`, `− k/2− b1,a,

[
0
b2

]
,

 2
0
0



−g

k − 2,−b2/`, `− k/2− b1,a,

[
0
b2

]
,

 2
0
0


×β

0, k − 3,−b2/`, `− k/2− b1,a,

[
0
b2

]
,

 2
0
0




β

0, k − 1,−b2/`, `− k/2− b1,a,

[
0
b2

]
,

 2
0
0





− a.

This definition is a generalization of the function GIG2 given in Kim & Wand (2016, 2017)
and is such that

GIG3

(
a,

[
b1

b2

]
; k, 1

)
= GIG2

(
a,

[
b1

b2

]
; k
)

.

Put

Hb

([
a1

a2

]
; y
)

=



Cb(1, a1 + y,−a2)/Cb(0, a1 + y,−a2)
Cb(2, a1 + y,−a2)
Cb(0, a1 + y,−a2)

− Cb(1, a1 + y,−a2)2

Cb(0, a1 + y,−a2)2

−1/2
Cb(2, a1 + y,−a2)
Cb(0, a1 + y,−a2)

− Cb(1, a1 + y,−a2)2

Cb(0, a1 + y,−a2)2


−
[

a1

a2

]

for any a1 ∈ R, a2 < 0 and y ∈ R and then let

Hlogistic

([
a1

a2

]
; y
)
≡Hb

([
a1

a2

]
; y
)

for b(x) = log(1 + ex)

and HPoisson

([
a1

a2

]
; y
)
≡Hb

([
a1

a2

]
; y
)

for b(x) = ex.
(S.3)

Lastly,

Hprobit

([
a1

a2

]
; y
)
≡ 1

1− 2a2 − ζ ′(r)
{
r + ζ ′(r)

}


a1(1− 2a2)

+(2y − 1)ζ ′(r)
√

2a2(2a2 − 1)

a2(1− 2a2)

−


a1

a2


where r ≡ (2y − 1)a1/

√
2a2(2a2 − 1).

3



S.2 Derivations

We now provide derivations of each of algorithms given in Section 3. Definitions used in
the derivations are:

AN(η) ≡ −1
4(η2

1/η2)− 1
2 log(−2η2) and AIχ2(η) ≡ (η1 + 1) log(−η2) + log Γ(−η1 − 1)

for the log-partition functions of the Normal and Inverse Chi-Squared families respec-
tively. In a similar vein, projN[ · ] denotes Kullback-Leibler projection onto the (possibly
Multivariate) Normal family of density functions and projIχ2 [ · ] denotes Kullback-Leibler
projection onto the Inverse Chi-Squared family of density functions. We use Z to denote
the normalizing factor of the function inside a Kullback-Leibler projection operator.

S.2.1 Derivation of Algorithm 1

Plugging into (9) we get

mp(θ) → θ(θ) =
projN

[
mθ → p(θ)(θ) p(θ)

/
Z
]

mθ → p(θ)(θ)
=

mθ → p(θ)(θ) p(θ)

mθ → p(θ)(θ)
= p(θ).

The second equality follows from the fact that mθ → p(θ)(θ) is a Multivariate Normal den-
sity function, which is a consequence of (11). Since

p(θ) ∝ exp
{
− 1

2(θ − µθ)TΣ−1
θ (θ − µθ)

}
∝ exp


[

θ

vec(θθT )

]T [
Σ−1

θ µθ

−1
2vec(Σ−1

θ )

]
we have

mp(θ) → θ(θ) = exp


[

θ

vec(θθT )

]T

ηp(θ) → θ


where

ηp(θ) → θ =

[
Σ−1

θ µθ

−1
2vec(Σ−1

θ )

]
.

S.2.2 Derivation of Algorithm 2

Using arguments similar to those given in Section S.2.1 for the Gaussian prior fragment
lead to

mp(Θ) → Θ(Θ) ∝ p(Θ) ∝ |Θ|−(κΘ+dΘ+1)/2 exp{−1
2 tr(ΛΘΘ−1)}

= exp


[

log |Θ|

vec(Θ−1)

]T [ −1
2(κΘ + dΘ + 1)

−1
2vec(Λ−1

Θ )

] .

Hence

mp(Θ) → Θ(Θ) = exp


[

log |Θ|

vec(Θ−1)

]T

ηp(Θ) → Θ


where

ηp(Θ) → Θ =

[
−1

2(κΘ + dΘ + 1)

−1
2vec(Λ−1

Θ )

]
.
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S.2.3 Derivation of Algorithm 3

The message from p(σ2|a) to σ2 is

mp(σ2|a) → σ2(σ2)←−
projIχ2

[
mσ2 → p(σ2|a)(σ

2)
∫∞
0 p(σ2|a)ma → p(σ2|a)(a) da

/
Z
]

mσ2 → p(σ2|a)(σ
2)

. (S.4)

Assumption (13) implies that

ma → p(σ2|a)(a) = exp

{[
log(a)
1/a

]T

ηa → p(σ2|a)

}
= aη♣1 exp(η♣2 /a)

and

mσ2 → p(σ2|a)(σ
2) = exp

{[
log(σ2)
1/σ2

]T

ησ2 → p(σ2|a)

}
= (σ2)η♠1 exp(η♠2 /σ2)

where
η♣ ≡ ηa → p(σ2|a) and η♠ ≡ ησ2 → p(σ2|a).

As a function of σ2, the integral in (S.4) is∫ ∞

0

(ν/a)ν/2

Γ(ν/2)
(σ2)−(ν/2)−1 exp{−ν/(σ2a)} aη♣1 exp(η♣2 /a) da

∝ (σ2)−(ν/2)−1

∫ ∞

0
a−{−η♣1 +(ν/2)−1}−1 exp[−{(ν/σ2)− η♣2 }/a] da

∝ (σ2)−(ν/2)−1{(ν/σ2)− η♣2 }
η♣1 −(ν/2)+1.

Therefore, the density function inside the projIχ2 [ · ] is proportional to

(σ2)η♠1 −(ν/2)−1{(ν/σ2)− η♣2 }
η♣1 −(ν/2)+1 exp(η♠2 /σ2)

and the numerator of (S.4) is proportional to

exp

{[
log(σ2)
1/σ2

]T

ηnumer

}
where

ηnumer ≡ (∇AIχ2)−1




R∞
0 log(σ2)(σ2)η♠1 −(ν/2)−1{(ν/σ2)−η♣2 }

η♣1 −(ν/2)+1 exp(η♠2 /σ2) dσ2R∞
0 (σ2)η♠1 −(ν/2)−1{(ν/σ2)−η♣2 }

η♣1 −(ν/2)+1 exp(η♠2 /σ2) dσ2

R∞
0 (1/σ2)(σ2)η♠1 −(ν/2)−1{(ν/σ2)−η♣2 }

η♣1 −(ν/2)+1 exp(η♠2 /σ2) dσ2R∞
0 (σ2)η♠1 −(ν/2)−1{(ν/σ2)−η♣2 }

η♣1 −(ν/2)+1 exp(η♠2 /σ2) dσ2



 .

Steps analogous to those given in Appendix A.5.4 of Kim & Wand (2016) can then be
used to derive the ηp(σ2|a) → σ2 update. However, note that Algorithm 3 supports general
Half-t(A, ν) prior distributions and Kim & Wand (2016) only deal with the ν = 1 (Half-
Cauchy) special case. Hence, the function GIG2 in Kim & Wand (2016) has to be generalized
to the GIG3 function.

Also, note that the ηp(σ2|a) → σ2 update has ε←− rather than←− to allow for the damp-
ing adjustment defined by (10). The same adjustment applies to the remainder of the
derivations given in Section S.2.

The message from p(σ2|a) to a has a similar form and arguments analogous to those
just given for the message from p(σ2|a) to σ2 lead to the update for ηp(σ2|a) → a given in
Algorithm 3.
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S.2.4 Derivation of Algorithm 4

Algorithm 4 is the dθ = 1 special case of Algorithm 5 and therefore its derivation is covered
by the general dθ case given next in Section S.2.5.

S.2.5 Derivation of Algorithm 5

Algorithm 5 depends on Result 2 below, which extends Theorem 1 of Kim & Wand (2017)
to multivariate linear combination derived variables.

Let
pNd

(x;µ,Σ) = (2π)−d/2|Σ|−1/2 exp{−1
2(x− µ)TΣ−1(x− µ)}

denote the density function of a d-variate N(µ,Σ) random vector. Then we have:

Result 2. For all d× d′ matrices L such LTΣL is positive definite and d′ × 1 vectors v:∫
Rd

pNd
(x;µ,Σ) δ

(
v −LT x

)
d x = pNd′ (v;LT µ,LTΣL). (S.5)

Derivation of Result 2.
Via the change of variable z = Σ−1/2(x− µ), the left-hand side of (S.5) is∫

Rd

pNd
(z;0, I) δ

(
v −LT µ−LTΣ1/2z

)
d z =

∫
Rd

pNd
(z;0, I) δ

(
v† − (L†)T z

)
d z

where
v† ≡ v −LT µ and L† ≡ Σ1/2L.

Next note that∫
Rd

pNd
(x;0, I) δ

(
v† − (L†)T z

)
d z =

∫
Rd

lim
ε→0

pNd
(z;0, I) pNd′

(
v† − (L†)T z;0, ε I

)
d z

= (2π)−d/2

∫
Rd

lim
ε→0

[
(2πε)−d′/2 exp{r(z,v†,L†, ε)}

]
dz

where

r(z,v†,L†, ε) = −1
2zT z − 1

2ε{v
† − (L†)T z}T {v† − (L†)T z}

= −1
2(z −m)T {I + 1

εL†(L†)T }(z −m)− 1
2ε(v

†)T v†

+ 1
2ε2 (L†v†)T {I + 1

εL†(L†)T }−1L†v†

with m = m(v†,L†, ε) ≡ 1
ε (I + 1

εLLT )−1(L†)T v†. We then have∫
Rd pNd

(z;0, I) δ
(
v† − (L†)T z

)
d z = limε→0

[
(2πε)−d′/2|I + 1

εL†(L†)T |−1/2

× exp
{

1
2ε2 (L†v†)T {I + 1

εL†(L†)T }−1L†v† − 1
2ε(v

†)T v†
} ] (S.6)

where we have used the fact∫
Rd

(2π)−d/2|I + 1
εL†(L†)T |1/2 exp

{
− 1

2(z −m)T
{
I + 1

εL†(L†)T
}
(z −m)

}
dz = 1

and assumed that the integrand possesses properties that are sufficient to justify inter-
changing the limit as ε → 0 and the integral over Rd. Using Theorem 18.1.1 of Harville
(2008), the determinant in (S.6) is

|I + 1
εL†(L†)T | = ε−d′ |ε I + (L†)T L†| = ε−d′ |ε I + LTΣL|. (S.7)
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Next, application of Theorem 18.2.8 of Harville (2008) gives

{I + 1
εL†(L†)T }−1 = I −L†

{
εI + (L†)T L†

}−1(L†)T (S.8)

which implies that

(L†v†)T {I + 1
εL†(L†)T }−1L†v† = (v†)T (L†)T L†v† − (L†v†)T L†

{
εI + (L†)T L†

}−1(L†)T L†v†

= (v†)T LTΣLv† − (v†)T LTΣL
(
εI + LTΣL

)−1
LTΣLv†.

The exponent in the expression on the right-hand side of (S.6) is then

1
2ε2

{
(v†)T LTΣLv† − (v†)T LTΣL

(
εI + LTΣL

)−1
LTΣLv† − ε(v†)T v†

}
= −1

2(v†)T
(
εI + LTΣL

)−1
v† = −1

2(v −LT µ)T
(
εI + LTΣL

)−1(v −LT µ).

Substitution of this result and (S.7) into (S.6) then gives∫
Rd

pNd
(z;0, I) δ

(
v† − (L†)T z

)
d z

= lim
ε→0

[
(2π)−d′/2|εI + LTΣL|−1/2 exp{−1

2(v −LT µ)−1(εI + LTΣL)−1(v −LT µ)}
]
.

= pNd′ (v;LT µ,LTΣL)

and the result follows.

From (9) we have

ηδ(α−AT θ) → α(α)←−
projN

[
mα → δ(α−AT θ)(α)

∫
Rdθ

δ(α−AT θ)mθ → δ(α−AT θ)(θ) dθ
/
Z
]

mα → δ(α−AT θ)(α)
(S.9)

where dθ is the dimension of θ. It follows from assumption (15) and (8) that

mα → δ(α−AT θ)(α) = exp

{[
α

vec(ααT )

]T

ηα → δ(α−AT θ)

}
(S.10)

and

mθ → δ(α−AT θ)(θ) = exp

{[
θ

vec(θθT )

]T

ηθ → δ(α−AT θ)

}

∝ (2π)−dθ/2|Σ�|−1/2 exp{−1
2(θ − µ�)TΣ−1

� (θ − µ�)}

where
µ� ≡ −1

2

{
vec−1

(
ηθ → δ(α−AT θ)

)
2

}−1(
ηθ → δ(α−AT θ)

)
1

and
Σ� ≡ −1

2

{
vec−1

(
ηθ → δ(α−AT θ)

)
2

}−1

are the common parameters matching ηθ → δ(α−AT θ). From Result 2 in Appendix S.2.5,∫
Rdθ

δ(α−AT θ)(2π)−dθ/2|Σ�|−1/2 exp{−1
2(θ − µ�)TΣ−1

� (θ − µ�)} dθ

= |2π ATΣ�A|−1/2 exp
{
− 1

2(α−AT µ�)T (ATΣ�A)−1(α−AT µ�)
}

.
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Substitution into (S.9) then leads to

ηδ(α−AT θ) → α(α) =

projN

[
exp

{[
α

vec(ααT )

]
ηα → δ(α−AT θ)

}
exp

{[
α

vec(ααT )

]T
[

(ATΣ�A)−1AT µ�

−1
2vec

(
(ATΣ�A)−1

)]}/Z

]

exp
{[

α
vec(ααT )

]
ηα → δ(α−AT θ)

}

= exp

{[
α

vec(ααT )

]T
[

(ATΣ�A)−1AT µ�

−1
2vec

(
(ATΣ�A)−1

)]} .

Therefore, setting Ω←− −2Σ�A, we get

ηδ(α−AT θ) → α ←−

(ΩT A)−1ΩT
(
ηθ → δ(α−AT θ)

)
1

vec
(
(ΩT A)−1

)


which are the first two updates of Algorithm 5.
For the third update, note that (9) gives

mδ(α−AT θ) → θ(θ)

←−
projN

[
mθ → δ(α−AT θ)(θ)

∫
Rdα

δ(α−AT θ)mα → δ(α−AT θ)(α) dα
/
Z
]

mθ → δ(α−AT θ)(θ)

=
projN

[
mθ → δ(α− aT θ)(θ)mα → δ(α−AT θ)(A

T θ)/Z
]

mθ → δ(α− aT θ)(θ)

=

projN

[
exp

{[
θ

vec(θθT )

]T

ηθ → δ(α−AT θ)

}
exp

{[
AT θ

vec
(
(AT θ)(AT θ)T

)]T

ηα → δ(α−AT θ)

}/
Z

]

exp

{[
θ

vec(θθT )

]T

ηθ → δ(α−AT θ)

}

= exp


[

θ

vec(θθT )

]T
 A

(
ηα → δ(α− aT θ)

)
1

(A⊗A)
(
ηα → δ(α− aT θ)

)
2

 .

The last step uses the identity vec(BCD) = (DT ⊗B)vec(C) for any compatible matrices
B, C and D. The third update follows immediately.

S.2.6 Derivation of Algorithm 6

The message from p(y|α, σ2) to α is, from (9),

mp(y|α, σ2) → α(α) =
projN

[
mα → p(y|α, σ2)(α)

∫∞
0 p(y|α, σ2)mσ2 → p(y|α, σ2)(σ

2) dσ2
]

mα → p(y|α, σ2)(α)
.

(S.11)
It follows from (8) and (18) that

mσ2 → p(y|α, σ2)(σ
2) = exp

{[
log(σ2)
1/σ2

]T

ησ2 → p(y|α, σ2)

}
= (σ2)η�

1 exp(η�
2 /σ2).
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where η� ≡ ησ2 → p(y|α, σ2). Hence∫ ∞

0
p(y|α, σ2)mσ2 → p(y|α, σ2)(σ

2) dσ2 = (2π)−1/2

∫ ∞

0
(σ2)η�

1 −1/2 exp[{η�
2 − 1

2(y − α)2}/σ2)] dσ2

∝
{

1
2(y − α)2 − η�

2

}η�
1 +

1
2 .

Therefore, letting η45 ≡ ηα → p(y|α, σ2), the numerator of the right-hand side of (S.11) is

projN

 exp(αη451 + α2η451 ){
(y − α)2 − 2η�

2

}−η�
1 −

1
2



= exp



[
α

α2

]T

(∇AN)−1





R∞
−∞ α exp(αη451 +α2η452 )

/{
(y−α)2−2η�

2

}−η�
1 −

1
2 dα

R∞
−∞ exp(αη451 +α2η452 )

/{
(y−α)2−2η�

2

}−η�
1 −

1
2 dα

R∞
−∞ α2 exp(αη452 +α2η452 )

/{
(y−α)2−2η�

2

}−η�
1 −

1
2 dα

R∞
−∞ exp(αη451 +α2η452 )

/{
(y−α)2−2η�

2

}−η�
1 −

1
2 dα







= exp


[

α

α2

]T

(∇AN )−1



A(1,η451 ,−η451 ,−2y,y2−2η�

2 ,−η�
1 −

1
2 )

A(0,η451 ,−η452 ,−2y,y2−2η�
2 ,−η�

1 −
1
2 )

A(2,η451 ,−η451 ,−2y,y2−2η�
2 ,−η�

1 −
1
2 )

A(0,η451 ,−η452 ,−2y,y2−2η�
2 ,−η�

1 −
1
2 )



 .

Hence

ηp(y|α, σ2) → α ←− (∇AN )−1



A(1,η451 ,−η451 ,−2y,y2−2η�

2 ,−η�
1 −

1
2 )

A(0,η451 ,−η452 ,−2y,y2−2η�
2 ,−η�

1 −
1
2 )

A(2,η451 ,−η451 ,−2y,y2−2η�
2 ,−η�

1 −
1
2 )

A(0,η451 ,−η452 ,−2y,y2−2η�
2 ,−η�

1 −
1
2 )


−ηα → p(y|α, σ2)

and the first update in Algorithm 6 follows from the definition of GN given in Section S.1.3.
The message p(y|α, σ2) to σ2 is

mp(by|α, σ2) → σ2(σ2) =
projIχ2

[
mσ2 → p(y|α, σ2)(σ

2)
∫∞
−∞ p(y|α, σ2)mα → p(y|α, σ2)(α) dα

]
mσ2 → p(y|α, σ2)(σ

2)
.

(S.12)
It follows from (8) and (18) that

mα → p(y|α, σ2)(α) = exp

{[
α
α2

]T

ηα → p(y|α, σ2)

}
= exp

(
α η⊕1 + α2η⊕2

)
where η⊕ ≡ ηα → p(y|α, σ2). The integral in (S.12) is∫ ∞

−∞
(2πσ2)−1/2 exp

{
−(y − α)2

2σ2

}
exp

(
α η⊕1 + α2η⊕2

)
dα

∝
∫ ∞

−∞
(2πσ2)−1/2 exp

{
−(y − α)2

2σ2

}
{2π(σ⊕)2}−1/2 exp

{
−(y − µ⊕)2

2(σ⊕)2

}
dα

where [
µ⊕

(σ⊕)2

]
≡

[
−η⊕1 /(2η⊕2 )

−1/(2η⊕2 )

]
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is the common parameter vector corresponding to η⊕. Using (A.2) of Wand and Jones
(1993), the last-written integral is

{2π(σ2 + (σ⊕)2}−1/2 exp
{
−(y − µ⊕)2

2{σ2 + (σ⊕)2}

}
.

Therefore, the function inside the projIχ2

[
· ] in (S.12) is

(σ2)η�
1 exp(η�

2 /σ2)[2π{σ2 − 1/(2η⊕2 )}]−1/2 exp
[
−{y + η⊕1 /(2η⊕2 )}2

2{σ2 − 1/(2η⊕2 )}

]
.

Plugging into (S.12) we then have

mp(by|α, σ2) → σ2(σ2) = exp

{[
log(σ2)
1/σ2

]T

ηp(y|α, σ2) → σ2

}

where

ηp(y|α, σ2) → σ2 ←− (∇AIχ2)−1





R∞
0 log(σ2)(σ2)η�

1 {σ2−1/(2η⊕2 )}−1/2 exp

»
η�
2

σ2 −
{y+η⊕1 /(2η⊕2 ) }2

2{σ2−1/(2η⊕2 )}

–
dσ2

R∞
0 (σ2)η�

1 {σ2−1/(2η⊕2 )}−1/2 exp

»
η�
2

σ2 −
{y+η⊕1 /(2η⊕2 ) }2

2{σ2−1/(2η⊕2 )}

–
dσ2

R∞
0 (1/σ2)(σ2)η�

1 {σ2−1/(2η⊕2 )}−1/2 exp

»
η�
2

σ2 −
{y+η⊕1 /(2η⊕2 ) }2

2{σ2−1/(2η⊕2 )}

–
dσ2

R∞
0 (σ2)η�

1 {σ2−1/(2η⊕2 )}−1/2 exp

»
η�
2

σ2 −
{y+η⊕1 /(2η⊕2 ) }2

2{σ2−1/(2η⊕2 )}

–
dσ2




−η�.

The change of variable σ2 = e−x and some simple algebra then leads to

ηp(y|α, σ2) → σ2 ←− (∇AIχ2)−1



−B(1,−η�

1 ,−η�
2 ,−2η⊕2 {y+η⊕1 /(2η⊕2 ) }2,−2η⊕2 ,

1
2 )

B(0,−η�
1 ,−η�

2 ,−2η⊕2 {y+η⊕1 /(2η⊕2 ) }2,−2η⊕2 ,
1
2 )

B(0,1−η�
1 ,−η�

2 ,−2η⊕2 {y+η⊕1 /(2η⊕2 ) }2,−2η⊕2 ,
1
2 )

B(0,−η�
1 ,−η�

2 ,−2η⊕2 {y+η⊕1 /(2η⊕2 ) }2,−2η⊕2 ,
1
2 )


−ησ2 → p(y|α, σ2).

The second update in Algorithm 6 follows from the definition of GIG1 given in Section S.1.3.

S.2.7 Derivation of Algorithm 7

The only factor to stochastic node message for the logistic fragment is, from (9):

mp(y|α) → α(α) =
proj[mα → p(y|α)(α) p(y|α)

/
Z]

mα → p(y|α)(α)

with projection onto an appropriate exponential family. Assumption (19) and conjugacy
considerations implies projection onto the Univariate Normal family. Setting

η# ≡ ηα → p(y|α),

we then have

mp(y|α) → α(α) =
projN[exp(η#

1 α + η#
2 α2) exp{yα− log(1 + eα)}]

exp(η#
1 α + η#

2 α2)
.
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The numerator is

projN

[
exp{(η#

1 + y)α + η#
2 α2 − log(1 + eα)}

]

∝ exp


[

α
α2

]T

(∇AN )−1




R∞
−∞ α exp{(η#

1 +y)α+η#
2 α2−log(1+eα)} dαR∞

−∞ exp{(η#
1 +y)α+η#

2 α2−log(1+eα)} dαR∞
−∞ α2 exp{(η#

1 +y)α+η#
2 α2−log(1+eα)} dαR∞

−∞ exp{(η#
1 +y)α+η#

2 α2−log(1+eα)} dα





∝ exp


[

α
α2

]T

(∇AN )−1



C(1,η#

1 +y,η#
1 )

C(0,η#
1 +y,η#

1 )

C(2,η#
1 +y,η#

1 )

C(0,η#
1 +y,η#

1 )



 .

Hence

ηp(y|α) → α ←− (∇AN )−1



C(1,η#

1 +y,η#
1 )

C(0,η#
1 +y,η#

1 )

C(2,η#
1 +y,η#

1 )

C(0,η#
1 +y,η#

1 )


−ηα → p(y|α)

and the update in Algorithm 7 follows from the definition of Hlogistic given in Section S.1.3.

S.2.8 Derivation of Algorithm 8

Via arguments analogous to those given in Section S.2.7, the factor to stochastic node nat-
ural parameter update is

ηp(y|α) → α ←− (∇AN )−1




R∞
−∞ αΦ((2y−1)α) exp{η#

1 α+η#
2 α2} dαR∞

−∞ Φ((2y−1)α) exp{η#
1 α+η#

2 α2} dαR∞
−∞ α2Φ((2y−1)α) exp{η#

1 α+η#
2 α2} dαR∞

−∞ Φ((2y−1)α) exp{η#
1 α+η#

2 α2} dα


−ηα → p(y|α)

where, as before, η# ≡ ηα → p(y|α). The integral results∫ ∞

−∞
Φ(a + bx)φ(x) dx = Φ

(
a√

b2 + 1

)
,

∫ ∞

−∞
xΦ(a + bx)φ(x) dx =

b√
b2 + 1

φ

(
a√

b2 + 1

)

and
∫ ∞

−∞
x2 Φ(a + bx)φ(x) dx = Φ

(
a√

b2 + 1

)
− ab2√

(b2 + 1)3
φ

(
a√

b2 + 1

)
,

(S.13)

and standard algebraic manipulations lead to

ηp(y|α) → α ←− Hprobit

(
ηα → p(y|α); y

)
where Hprobit is defined in Section S.1.3.

S.2.9 Derivation of Algorithm 9

The Poisson likelihood fragment derivation is very similar to that given in Section S.2.7.
The only change is that

exp{yα− log(1 + eα)} is replaced by exp(yα− eα)

which leads to the HPoisson function appearing in the factor to stochastic node update rather
than the Hlogistic function. Section S.1.3 provides the definition of HPoisson.
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